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RANGE KERNEL AND ELEMENTARY OPERATORS 


SALAH MECHERI 


ABSTRACT : Let B(H) denote the algebra of all bounded linear operators on a separable infinite 
dimensional complex Hilbert space H into itself. Let A = (A, А, .., А) and В = (В p Bp -~ By) 


be n-tuples іп B(H), we define the elementary operator A, ‚в: B(H) > В(Н) by A, а = Ў ДАВ, - X. 


In this paper we initiate the study of some properties of the range of such operators. Other related results 
are also given. 


2000 Mathematics Subject Classification : Primary 47B47, 47A30, 47B20; Secondary 47B10. 


Key words : Generalized Derivation, Elementary Operators, Trace Class operators, Finite rank Operators. 


1. INTRODUCTION 


Let B(H) be the algebra of all bounded linear operators acting on a complex separable Hilbert 
space Н. The generalized derivation operator 6, р associated with (А, B), defined on B(H) by 


5,500 = AX — XB 


was initially systematically studied by M. Rosenblum [14]. The properties of such operators 
have been much studied (see for example [1], [2], [4], [12], [13] and [14]). 


ҒА = B, 6, dq ö,: В(Н) — В(Н) is called the inner derivation defined by 
6,00 = AX – XA. 


The theory of derivations has been extensively dealt with in the literature (see, [7], [8], [10], 
[11], [16], [17], [18] and [19]). 


In this paper we initiate the study of some properties of (the related derivation) 


A,p: BA)  B(H) 
defined by 


А,,00 = АХВ - X. 
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Noting A дл = Ay = АХА – X. In [20, p.276], J. P. Williams showed that if, A € B(H), then 
К(ӧ,)° = Ю(6,)% ^ KH) Ө ker (6) ^ СІ, 


where R(5,), К(Н), ker (6,) and С, denote, respectively, the range of ö,, the ideal of 
compact operators, the kernel of б, and the trace class operators. This result extends to $, р 
has been carried out by S. Bouali [5]. Let A = (A), 45, .., А) and В -(В, By ..., В,) 
be n-tuples in B(H), we define the elementary operator A дв: BD — ВН) by A, (X) = 


" А,ХВ, – Х. In order to generalize all the above results we prove its in the case 
= і 


where 6, р is replaced by A, р. Which leads us to show that the equivalence of the following 
statements : 


(a) K(H)C R(A4,5); 


(9 RA,5) =ЕН); 
(с) ker Др, ^ C, = (0). 


Where R(A,5), КА, T denote, respectively the closure of R(A, p) in the norm 


topology and the closure of КА, p) in the weak*-topology. By using this result we deduce 
that R(A, р) is weakly dense in B(H), if and only if, 


ker Аҙ, 7 FŒ) = {0}. 
where F(H) is the class of all finite rank operators, and we prove that if 4, B € B(H), then 
КА да) о КОН) = КАдв) O KD. 


In the second part of this paper we characterize all finite rank operators in 


R(A,p) C ker A ge pe 


and in 


RA. N ker A gu pe 
and we show that R(A, в) is w-dense іп B(H), if and only if, 
ЕСН) A ker Ар, = {0}. 
We also prove that R(A, в) is w*-dense in B(H), if and only if, 
С, A ker A5 = (0), 
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where F(H), КА, Б) and R(A, Ti denote, respectively, finite rank operators, the 


trace class operators, the closure of the range of A, р in the weak operator topology and the 
closure of the range of А, in the ultra-weak operator topology. 


2. MAIN RESULTS 


Note that the weak continuous linear form (resp. the ultra-weak continuous linear form) on 
B(H) are defined by Фу, where T е ЕН) (resp. T е Cj) with 


| Ф) = XT) = TX) 
for all X € B(H) (see [6], p. 23). 
Let S be a sub-vector space of B(H). Noting by 
50 = {fe В(Ну : f(x) = о, if хе 5}. 
Lemma 2.1. Let S,, 5) be two sub-vectorspaces of B(H). 


Then 50 с 50 if and only if S, cS). 


Theorem 2.1. Let A = (А, Ay ..., 4,) and В = (В, B5, ..., В) be n-tuples of operators in 
B(H), then 


R(A, Б) = R(A,gf © KH) © ker (Ag) ^ Cy. 


n 
Proof. If Ф є КА A.B) i.e., ФОА XB, — X) «0, we have Ф = Ф, + Ф, with Фо е KH) 
i=l 


and Те С, (see [19]). Choose X to be the rank one operator x ® у for some arbitrary elements 
x and y in H, then 


ФУ ААВ, - X) - 6: (s AB, - X) = МТО 4, XB, - Х = 
ізі i=] i=] 


n 
IL ВТВ, -T)X]=0 
=] 
implies 


<А» (Dx, у> =0 
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equivalently 
| T € ker Apg 


Since 


n 
or ac & y)B; -(x & » -0 
ігі 
for all x, y € H, it results that 


O;(Y4 XB -X)=0 
i=l 


for all finite rank X. It is well known that the set of finite rank operators is w*-dense in В(Н), 
then it follows that 


970,48, -X)=0 
for all X e B(H), i.e., Фу е R(A, y)*. Hence 
Фу-Ф-Ф,е КА, в). 
Conversely assume that T € ker A, „ then the above calculation shows that 
Фу € RA, в). 
Theorem 2.2. Let A, В е В(Н), then the following statements are equivalent 


(а) K(H)C К(А А в); 


© R(A,5) = BUD); 
(с) ker Ар, © С, = (0). 


Proof. The negation of (b) and (c) is equivalent to the fact that, there exists a non-zero linear 
form Фу, w*-continuous such that 


Or € RA, в), 
or equivalently (by Theorem 2.2), to 
R(A, )° c КОН) 
and Lemma 2.] would imply that 


К(Н)с R(A, 5). 
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Corollary 2.1. Let A, В е В(Н). Then 


К(А дв) = ВН), 
if and only if, 
ker Ag , ^. F(H) = (0). 


Proof. It is well known that R(A, р) non w-dense equivalent to the existence of a non zero 
w-continuous linear form Фу, such that Фу е R(A, в). Which is equivalent by Theorem 2.2 
to ker Ag Су ЕН = (0). 


Corollary 2.2 Let A, B € B(H). Then 
——— —L——- 
КА в) K(H)- R(A45) ОКН). 


Proof. Let Ке Ату)" nK(H) If Ф e ЖА,» it results from Theorem 22 that 
Ф = d, + Ф, with 
Фо е КН) ^ R(A, 9? 

and 

T є C, п ker Ав, A 

Since 

Фу, € А(А, в)? ^ ВН)", 

ФК) = ФК) + DK) = 0, 


1.е., 


Ke (ker Ф: Фе КА, в)°} = R(A,5). 


3. FINITE RANK OPERATORS AND ELEMENTARY OPERATORS 
Let C, be the ideal of trace class operator, that is, all compact operators A е B(H) for which 
the eigenvalues ‘of (тт*)? (counted according to multiplicity) аге summable. The ideal С, 
admits a complex valued function (Т) which has the characteristic properties of the trace 
for matrices. The trace function is defined by tr(T) = У,(Те,,е,), where (e,) is any complete 


orthonormal sequence in H. As Banach spaces, C, may be identified with the conjugate space 
of the ideal К of compact operators by means of the linear isometry-T > fp where f (X) 


6 SALAH MECHERI 


"= tr(XT). Moreover, B(H) is the conjugate space of C,. The ultraweak continuous linear 
functionals оп B(H) are those of the form f for some Те С). Furthermore the weak continuoas 
linear functionals on B(H) are those of the form fp where Т is of finite rank (see J. B. Conway 


[6]). 
Theorem 3.1. Let A, В е BCH). Then, 


1) every finite rank operator in оу г ker Аја ge vanishes. 

2) every trace class operator in жа” m ker Ags ge vanisaes. 
Proof. Let ТЕЖА р) N ker Ags pge then 

T* е ker А,» © ЕН); ВТ*А = Т“. 

Since TeR(A,5) » there exists a generalized sequence (Хо) such that 


n 
Y AXqgB; - Xy ->T 


izl 


hence, 
Pr Ахав Ха) Ore) 
i= 
and we have 
Op (Y 4X, - Ха)= tr(T* АХ, – Хај) = зт * A—1*)X4] - 0. 
i=l i=l = 
So, 


0 = On (DAB - Xa) — OT), 
іші * 


Then, ®,.(7) = tr(TT*) = 0, that is, TT* = 0 and thus Т = 0. 
2) It suffices to replace F(H) Бу C, in the above proof. 
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Remark 3.1. J P. Williams [19] has shown that if A € B(H), then every finite rank operator 
in R,) су {A*}’ vanishes. In the general case where 6, is replaced by ё, в this result 
is carried out by S. Mecheri [13]. 

Theorem 3.2. Let A, В е B(H). Then, 


1) R(A45) = B(H) © ker Ag, О ЕН) = 0. 
2 (Аль) = ЫН) € ker Ag, N C, = 0. 
Proof. 1) Suppose that К(А в) = KH) and Те ker Аҙ, N ЕН), then 


T*e ҚА,ҙ) Aker 8 ys ве, 


hence 7 = 0 by Theorem 3.1. 


Conversely assume that, there exists T е B(H)\ RAB) > then there exists S е F(H) 
such that 7457) # tr(SX) = 0, for every X е R(A, p). So Т е ker Ар, O ЕН) and 5 x 0. 
2) It suffices to replace F(H) by C, in the above proof. 
Remark 3.2 Note that all the results in this note still hold if we consider instead of the 


elementary operators А, р the elementary operators 6, (X) ^Y А, ХВ,. 
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ON SPACES X DETERMINED BY 
THE RINGS СКХ) AND С (Х) 


S. К. АСНАВУХА Амр S. К. GHosH 


ABSTRACT : Let C (X) be the ring of all real valued continuous functions on a locally compact 
Hausdorff space X which vanish at infinity and C,(X) be its subring of all those functions which have 
compact support. We have shown that X is a P-space if and only if every prime ideal of C,(X) is maximal 
and in case С.Ж) # С, (Х), there always exist non-maximal prime ideals іп С,(Х). Next we have shown 
that C,(X) is an ideal of C(X) if and only if X is pseudo-compact. Finally we have established that 
X is extremally disconnected if and only if every non-empty subset of СХ) bounded above in CX) 
has its supremum in C(X). 


2000 mathematics Subject Classification : 54C40, 46E25. 


Key words and Phrases : Locally compact spaces, Rings of continuous functions with compact support, 
Rings of continuous functions which vanish at infinity, P-spaces, Pseudo-compact spaces, Extremally 
disconnected spaces. 


1. INTRODUCTION 


For any Tychonoff space X let C(X) and C*(X) stand for the ring of all real valued continuous 
functions on X and that of all bounded real valued continuous functions on X respectively. 
One of the fascinating problems in the area of rings of continuous functions is to determine 
the class of spaces X, whose function rings C(X) (respectively C*(X)) satisfy some natural 
algebraic conditions. The well known and much talked of class of P-spaces stemmed out of 
such query; a space X is called P-space if and only if every prime ideal in the ring C(X) is 
maximal equivalently if and only if every zero set in X is open. On the other end a number 
of important topological properties of X can be described by the ring and lattice structure of 
the rings C(X) and C*(X). Mention may be made of extremal disconnectedness and basic 
disconnectedness of a space X in this context. Indeed a space X was proved by Hewitt long 
time back to be extremally disconnected if and only if the lattice ordered ring C(X) is 
conditionally complete in the sense that every non-empty subset of C(X) bounded above in 
C(X) has its supremum in C(X) and this is the case if and only if the lattice ordered ring 
C*(X) is conditionally complete. In this article we have addressed similer problems by 
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investigating on some aspects of the interplay existing between the topological structure of 
a locally compact Hausdorff space X and the algebraic ring and order structure of C,(X) and 
C (X). Here С,(Х) is the ring of all those fin C(X) which vanish at infinity in the sense that 


for each n е М, (хе Х: | f (x)|2 1 is compact and C,(X) consists of those members f of 


C,{X) which have compact support in the sense that cl,{x € X : f(x) = 0} is compact. Some 
aspects pertaining to internal structures of those two rings have been investigated recently by 
Acharyya, Chattopadhyaya and Ghosh [1] who have established that a locally compact 
Hausdorff space Х is homeomorphic to the set of all maximal ideals of C,(X) (respectively 
С (20) equipped with the so-called hull kernel topology. From this result they have deduced 
that two locally compact Hausdorff spaces X and Y are homeomorphic if and only if the rings 
C,(X) and СҮ) (respectively the rings С,(Х) апа C,(Y)) are isomorphic. Our principal 
motivation for writing the present article is derived from the last mentioned result, which tells 
in some way that one can pursue the problem of interaction, likely to be existing between 
the topological structure of a locally compact Hausdorff space X and the algebraic ring and 
order structure of СКХ) and С,(Х). 


Now, let us describe how we have organized our paper. An ideal “Г unmodified in the 
ring C,(X) ог C,(X) will always stand for a proper ideal i.e. J is not the whole of СКХ) (or 
С.Х). We have first established in section 2 that a locally compact Hausdorff space X is 
a P-space if and only if the ring C,(X) is regular in the sense of Von Neumann. In fact we 
have proved the following result in which a number of conditions, some topological and most 
of them algebraic are seen to be equivalent. 


Theorem A. For a locally compact Hausdorff space X, the following statements are equivalent: 
(1) Every prime ideal of СКХ) is maximal. 


(2) For each p in X, о, N СИХ = M, N С.Х), where M, = (f e С(Х) : f(p) = 0) 
and 0, = (fe M, : f vanishes оп a neighbourhood of p). 


(3) For each f in C,(X), the zero set Z(f) = (x € X : f(x) = 0} is open in X. 
(4) Every Ideal of С/Х) is a Z-ideal. 
(5) Every ideal of C,(X) is an intersection of prime ideals of C,(X). 


(6) For all f, g in C(X), the principal ideal in C,(X) generated by f? + g? is identical 
to the ideal (f; g) generated by (f g} in the same С.Х). 

(7) С/Х) is a regular ring (in the sense of Von Neumann) i.e. given f е СҚО), there 
is ag € CX) such that f = /?g. 


(8 Given fe HR, each real valued continuous function on X — Z(f) has an extension 
to a function in C, (X). 
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(9) Every ideal of C,(X) is an intersection of maximal ideals of C,(X). 
(10) Every principal ideal of C,(X) is generated by an idempotent. 
(il) Х is a P-space. [Compare with 4J, [2]]. 


It is clear that if С(Х) x C*(X), then C*(X) always contains non maximal prime ideals 
because C*(X) is isomorphic to the ring С(ВХ), where ВХ is the Stone-Cech compactification 
of X and a compact P-space is finite. We have established an analogous fact here, as is 
manifested by the following proposition: 


Theorem B. Let X be a locally compact Hausdorff space with C,(X) # С, (X). Then there 
exist non maximal prime ideals in the ring C (Х). 


С (X) is known to be an ideal of C*(X) but not necessarily of C(X) but if X is pseudo- 
compact then clearly C, (X) is an ideal of C(X). We do not know whether the condition pseudo- 
compactness of X is necessary for this result in general. We have however established in the 
following proposition the necessity of pseudo-compactness on X, if X is assumed to be locally 
compact. 


Theorem С. A locally compact non compact space X is pseudo-compact if and only if C (X) 
is an ideal of C(X). 


It is easy to see that for any Tychonoff space X, the two rings C,(X) and С,(Х) are 
sublattices of the lattice ordered ring C*(X). In section 3, we have established first the following 
theorems in which the property extremal disconnectedness of a locally compact Hausdorff space 
X has been shown to be equivalent to some lattice like conditions on C,(X) and С, (Х). 


Theorem D. The following three conditions are equivalent for a locally compact Hausdorff 
space Х. 


(1) X is extremally disconnected. 
(2) Every subset of C,(X) bounded above in C(X) has its supremum in C(X). 
(3) Every subset of C (Х) bounded above in С(Х) has its supremum in C(x). 


The theorems (4) — (D) stated above clearly reveal that in the study of some aspects 
of interaction existing between the topology of X and the algebraic structures of the rings of 
continuous functions over X and their subrings, the ring C,(X) plays the same role as that of 
C(X) and the ring C (X) that of СҚХ) — a remark which we make for a locally compact 
Hausdorff space X. It would have been therefore nice and befitting to the above observations 
if the extremal disconnectedness of such spaces X were equivalent to the conditional 
completeness of the ring C,(X) or the conditional completeness of the ring С, (Х). Never-theless 
we have observed the following facts in this connection. 
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Theorem E. Let X be a Tychonoff space (not necessarily locally compact). 


(1) ТЕХ is extremally disconnected then the lattices C,(X) and С, (X) are conditionally 
complete. 


(2) If X is non compact and at least one of the two lattices СКХ) and С, (Х) is 
conditionally complete, then every compact open subset of X is extremally 
disconnected. 


2. P TOPOLOGY VERSUS REGULARITY OF СКХ) AND С, (Х). 
We state the following results of [1], which we write down for our ready reference. 


Theorem 2.1. A Tychonoff space X is locally compact if and only if 427): fe C,(X)} is 
а base for the closed sets of X if and only if (27) : fe C,(X)) is a base for the closed 
sets of X. 


Theorem 2.2. For a locally compact Hausdorff space X, every maximal ideal M of the ring 
C,(X) is fixed in the sense that |12(/) +. 
ТЕМ 


We write down also the following known result, given in exercise 7G of Gillman and 
Jerison’s text [2]. 


Theorem 2.3. Let X* stand for the one-point compactification of a locally compact Hausdorff 
space X. Then the ring С, (X) is isomorphic to the ideal М = {g є СО) : g(») = 0} of 
C(X*) under ће map : М. > C,(X), в  g|X. 


Proof of theorem A. 


(1) => (2) : Suppose for some point p e X, о, N СИА) ж M, N СХ. We choose a 
point q + p in X. Then from theorem 2.1, there is an fe C,(X) such that f(g) = 0 but ХЛ) 
is a neighborhood of p. This implies that f є Op n СИА) – M, N CX). Therefore М, N 
С,(Х) is the only maximal ideal in C,(X) which i contains О, с cn. But О, п C) 18 a 
Z-ideal in C(X) and is therefore equal to the interesection of all prime ideals of СИХ) which 
contain it [see [2], 0.18, page-7]. Hence there exists at least one non-maximal prime ideal 
of СХ) containing О, N СИХ) and the condition (1) becomes false then. 


(2) = (3) : Suppose (2) holds. We choose f е С.Х) and p є Z(f). Then f є M, о 
CX) = о, N СИХ), which means that Zf) is a neighborhood of p. Thus Z(f) is open. 


(3) > (4): Let (3) hold and / be an ideal of СКХ). Suppose f е I and g € C,(X) are 
such that Z(f) = Хр). Define h : X — В as follows : 
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Kas Lor xe X - Z(f) 


= 0, x e Z(f). 
Then А е С.Х). Thus g = fh and hence g € I. Therefore I becomes а Z-ideal of C,(X). 


(4) > (5) : This is immediate in view of the fact that every ZDideal of C,(X) is the 
intersection of all the prime ideals of C,(X) which contain it-a result which can be established 
by adapting the arguments in the proof of theorem 2.8 of Gillman-Jerison text [2] in an obvious 
manner. 


(4) => (6) is trivial and (6) = (7) is also trivial. 

(7) — (1) is true because in any commutative regular ring (even without identity) every 
prime ideal turns out to be a maximal one. 

(5) = (7) is immediate since for any f in C,(X), f and f? belong to the same set of 
prime ideals. 

(3) => (8) : Let (3) hold. Let fe СКХ) and g e CX — Z(f)). We define h(x) = g(x), 
if x e X-Z 

_ -20,x e 20). 
Then h е СКХ) and is an extension of g. 


(8) => (7): Let (8) hold. We choose fe СКХ), then + е C(X — Z(f)). Hence there exists 


g € С/Х) such that g[X – 7) = + . Clearly then f= f?g and hence СКХ) becomes a regular 
ring. 

The equivalence of the statements (1) and (9) follows from the equivalence of (1) and 
(5). | 

(7) <> (10) is a special case of а more general result which tells that a commutative 
ring is regular if and only if every principal ideal is generated by an idempotent. 


(11) = (1) : Let X be а P-space. Then for each fe СО), Z(f) is open; since the implication 
(3) = (8) has alrealdy been realized above, the condition (1) follows immediately. 


(1) > (11) : Suppose X is а P-space. Then there exists an f є C(X) such that Z(f) 15 
not open and therefore there is a point p in Z(f) such that p € el, (X — Z(f)). Now from theorem 
2.1, there is ag € СКХ) such that p е X – Де). Since С.Х) is an ideal of C(X) it follows 
that В = fg € СИХ). One can check without difficulty that p є ХА) N cly(X — Z(h)). This 


14 5. К. ACHARYYA AND 5. К. GHOSH 


indicates that Z(h) is not open in X and therefore the condition (3) does not hold, equivalently 
the condition (1) does not hold. 


Proof of the theorem B. 


Since СКХ) is a free ideal of C(X) [see 4D 3[2]], it is also a free ideal of the ring С, (Х). 
On the other hand С.Х) being a Z-ideal of C(X) is the intersection of all the prime ideals 
of C(X) which contain it [vide theorem 2.8 [2]] and therefore C,(X) is the intersection of all 
the prime ideals of C (Х) which contain it and each of these prime ideals is necessarily free. 
A straight way application of theorem 2.2 yields that none of these prime ideals in C, (X) 
is maximal. 


Proof of the theorem C. 


Let the locally compact space X be not pseudo-compact i.e. C*(X) is a proper subset 
of C(X). Then there exists a copy Y= (x, : n € Wo} of N which is C-embedded in X in the 
sense that every function in C(Y) has an extension to a function in C(X) [see 1.21, page-20[2]]. 
It is plain that Y is an Р subset of X* so that X* — Y becomes a Gg subset of X* with we 
X* - Y. Since in a Tychonoff space if a С; set G contains a compact set К, then there is a 
zero set Z such that K c Z c G, it follows that there is a function F in C(X*) whose zero 
set Zy,(F) satisfies the relation œ е Z,, (Е) с X* - Y. Since Е є M,, by theorem 2.3, the 
function Fy = F|X belongs to С, (Х) and clearly it does not vanish anywhere on Y. Set 


Go(x) = A ‚x € Y. Then Gy е C(Y) and has therefore an extension to a С in C(X) because 


Y is C-embedded in X. Since G.F, = 1 on Y it is immediate that G.F} = 1 on су therefore 
(x € X : |(G.F)@)| 2 1} 2 clyY. But since Y is a copy of N, which is further C-embedded 
in cly¥, it follows that cl cannot be compact and accordingly (x € X : |(G.F,)(x)| 2 1} is 
also non-compact. Hence С.Ғ is a function in C(X) which does not belong to C (Y) and as 
G € СМ) and Fy € C,(X) we conclude that С, (Ж) is not an ideal of C(X). 


3. EXTREMAL DISCONNECTEDNESS OF X VERSUS THE LATTICE 
STRUCTURES OF C,(X) AND C,(X) 


We recall that a space X is extremally disconnected if and only if the closure of every open 
set in Х is open. 


Proof of the theorem D. 


(1) => (2) follows from the well known result that for an extremally disconnected space 
X, the lattice C(X) is conditionally complete [see 3N6, page-52[2]]. 


(2) > (1) : Suppose (2) holds. Let V #* X be any non-void open subset of X. Set B 
= {fe СИХ : fs 1, f(X — V) = (0)). The result of theorem 2.1 ensures that В = ф and 
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by assumed condition (2), g = sup B exists in C(X) and we note that g < 1. The same theorem 
2.1 further tells us that given x е И there is an fe C,(X) such that 0 < f € 1, f(x) = 1 and 
ЛХ – V) = {0}. It is clear that fe В and so f < g, consequently g(x) = 1. Thus g(V) = {1} 
and it can be verified easily that g(X — су) = {0}. Hence X – cl,V = 2.0), the zero set 
of g in X and consequently сїў becomes open іп X. 


(3) => (2) is trivial. 
Proof of theorem E. 


(1) Let X be extremally disconnected. Then the lattice C(X) becomes conditionally 
complete. Choose any subfamily (f, : се A} of C,(X) for which there is an Ге СДА) with 
a 


Sa, € f for each о е A. Now there exists g in C(X) such that 2 = sup fy and for each we A, 


QEA 
Ј $ & S f. Since every Z-ideal in C(X) is absolutely convex, in particular convex, it follows 
that C,(X) is a convex ideal of СКХ). Hence from the last inequality it follows that g е С.Х). 
This proves that C,(X) is conditionally complete. 


Now the extremally disconnected space X is an F-space so that every ideal in the ring 
C(X) becomes convex [see 14N4, page 215[2] and theorem 14.25 [2]]; furthermore the fact 
that X is an F-space implies that BX is an F-space [theorem 14.25[2]] so that every ideal in 
C(BX) is convex. But there exists a lattice isomorphism between the rings C*(X) and C(BX) 
from which we can therefore say that every ideal in the ring C*(X) is also convex in particular 
the ideal С, (X) is convex. Hence arguing analogously as above, we can prove that C (X) is 
a conditionally complete lattice. 


(2) Assume that for the non-compact space X, the lattice C,(X) is conditionally complete. 
Let Y be a compact open subset of X. To show that Y is extremally disconnected it is equivalent 
to showing that the lattice C(Y) is conditionally complete. Let B be a non-void subset of C(Y) 
bounded above in this ring. We will produce a supremum of B in C(Y) and that will do. With 
each g in B define g* : X — R as follows. 


g*'x)y-0,xeX-Y 

= g(x), x € Y. 

Then g* є C*(X) and is an extension of в. Let B* = (g* : ge B). Since Y is compact, 
each element of B has compact support in Y and consequently then every element of B* has 
compact support in X, this means that B* c C,(X). Since C,(X) is assumed to be conditionally 
complete and B* is bounded above in C,(X), as follows from the above assumption that B 


is bounded above in C(Y), there exists a supremum Р of the family B* in C,(X). Let g = h/p 
Then it is quite clear that g = sup B in C(Y). 


If we assume that the lattice C,(X) is conditionally complete, then in view of the 
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convexity of the ideal C,(X) in the ring C, (X) it turns out that С.Х) also becomes conditionally 
complete. Hence the theorem is completely proved. 


We complete this article with the following two seemingly open problems. 
Problem 1. 


Whether for a locally compact Hausdorff space X the conditional completeness of the 
lattice C,(X) is equivalent to the conditional completeness of С, (Х)? 


Problem 2. 


Does there exist a locally compact Hausdorff space X, which is not extremally 
disconnected but for which the lattice C,(X) is conditionally complete? 
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SUB PSEUDO ALGEBRAIC SPACES 
М. В. Das Амр С. С. DEKA 


ABSTRACT : If T is a p-topology on X and Y is a non-empty subset of X, then Т’ = {А У: 4 
ЕТ} is defined to be a p-topology on У. Finally sub p-topological space and sub p-a space are established 
and some of its properties are discussed here. 


Keywords : Pseudo topological space, sub pseudo topological space and sub pseudo algebraic space 
are denoted by p-topological space, sub p-topological space and sub p-a space. 


1. INTRODUCTION 


The aim of this paper is to introduce the notion of pseudo algebraic space. A pseudo algebraic 
space is defined to be a non-empty set having two types of structures - a pseudo topological 
structure and a pseudo algebraic structure. We then introduce the notion of sub p-a spaces, 
keeping it in mind that notions of topological subspaces and subgroups go together. 


Our special interest would be on Sub p-topological space. We have introduced a p-a 
structure on sub p-topological space. A sub p-topological space equipped with a p-a structure 
is called a sub p-a space. 


2. PRELIMINARIES 
Definition 2.1. Let X be a non-empty set and T a class of subsets of X such that 
() ХеТ 
(ii) there exists an A, е Т such that А, C А for every А Е T. 
(iii) any finite intersection of members of T is a member of T. 


The class T is called a pseudo topology (p-topology) and the pair (X, Т) is called a 
p-topological space. Where there is no scope for confusion, Ж may be simply called a 
p-topological space. The members of Т are called pseudo open sets (p-open sets) of X. A set 
Ag with the property (ii) is called a minimal p-open set. In a p-topological space, there is 
one and only one minimal p-open set. Therefore, a minimal p-open set is referred as the minimal 
p-open set. 
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Definition 2.2. A p-topological space (X, T) is said to have a pseudo algebraic structure (p-a 
structure) if there exists a pseudo algebraic function, 


a : PX x PX — PX (PX is the power set of X) 
satisfying the following conditions : 
(i) o(o(4, В), С) = оца, В, С), A, BC є РА 
(1) 04, B) e T if ОЦА, B) = o(B, A) for A, BeT 
(ili) if 4, СА, B, с В then aA, Bj) с aA, В) 
(iv) (4, A) = (A, 4), 4 € PX, where A, is the minimal p-open set. 
We say that the triple (X, Т, о) is a p-topological space with a p-a structure а, or simply 
pseudo algebraic space (p-a space). 
Definition 2.3. A subset 4 іп a p-a space (Х, 7, о) is called a normal set if 
aA, Y) = (У, 4) V Y e PX. 


Definition 2.4. The p-topology T of a p-a space (X, T, œ) is said to be normal if every p-open 
set is normal and a p-a space is said to be normal if its p-topology is normal. 


3. SUB PSEUDO TOPOLOGICAL SPACES 
Now we establish the sub p-topological space. 
Proposition 3.1. If T is a p-topology on X and Y is a non-empty subset of X, then 
= {А ^ Y: А є Т} is a p-topology on Y. 
Proof. (i) Since Хе T and Хо Y = Y therefore Ye Г 
(ii) Let A, be the minimal element of 7, then 
Ву = Ag N Y is the minimal element of 7" 
(ili) If Bj, By, ...., B, are members of Т, 
then В, = A, N Y for some А, e T. 


Now йв = Пағу- АПУ where Пл = 


tua) 7L Лем T is a p-topology on Y. 


Detinition 34. The p-topology Т” оп У defined above is called the relative p-topology on У 
% апа the p- topological space (Y, Т”) is called a Sub p-topological space of (X, T). 
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Example 3.1. Let T = {{1, 3}, (1, 3, 4}, {1, 3, 5}, X} be а p-topology on 
X = {1, 2, 3, 4, 5} and let У = (1, 3, 5} ђе a subset of X. Then 7 = {{1, 3}, У} is a sub 
p-topology on Y and the pair (Y, 7") is sub p-topological space. 


Proposition 3.2. Let (У, Т7) be a Sub p-topological space of а p-topological space 
(X, T) where Т = {GM У: СЕТ}. If A c Y is p-open in X, then A is also p-open in Y. 


Proof. Since A с Y, we have A=ANYET. 
and A Е T. Therefore A is p-open in X. 
Also 4 € T' and hence 4 is also p-open in Y. 


Example 3.2. Let T = ((1), (1, 2), X} be a p-topology with {1} as the minimal p-open set 
on X = (1, 2, 3). Let Y = (1, 3} be a subset of X. Then 7' = ((1), Y) is a p-topology on 
Y. If A = {1}, A C X then (1) c Y. Therefore, (1) is p-open in X and {1} is also p-open 
in Y. 

Therefore, (1) is p-open in .X and (1) is also p-open in Y. 
Proposition 3.3. Let (Y, 7) be a sub p-topological space of a p-topological space 
(X, T). Then Y is p-open in X iff every subset B of Y which is p-open in Y is p-open in X. 


Proof. Let every subset B of Y which is p-open in Y be p-open in X. We show that Y is 
p-open in X. Since Y is p-open in Y, Ус Y and У = Уп Y, Y e T. Therefore Y is p-open in 
X. 


Conversely, let B be a subset of Y which is p-open in Y. We show that B is p-open in 
X. Since В is p-open in Y, there exists a subset С which is p-open in X such that B = бп 
Y, СЕТ. Since С is p-open in Y and С is p-open in X, therefore, B is p-open in X. 


4. SUB PSEUDO ALGEBRAIC SPACES 
In this section we establish the sub p-a space. | 


Definition 4.1. A sub p-topological space (Y, 7") is called a sub p-a space of a p-a space 
(X, T, а) with a p-a structure a’ if œ induces a p-a function о’ on PY such that 


(i) о(4, B) = o(4, B, A, Be PY 
(ii) ада, B) e T’ ОДА, В) = о, A), for A, B e T 
and (iii) о(4%, A) = ofA, А’), A € PY where A’, is 


the minimal element of 7”, 
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a’ is said to be the natural algebraic structure on Y induced by о and Т is said to be 
the induced p-a topology on Y by T. 


· Example 4.1. Let (X, T, о) be a p-a space where 
а, : PX x PX — PX such that 
aA, В) = А U B, A, В є РХ 
Let (Y, Т) be a sub p-topological space of (X, T) where 
T —(AnrY:4A є T) and let 
a’ : PY x PY — PY such that 
() o'(4, В) = оца, В) = А ОВ for A’, B e PY 
Gi) (4,8) =A UB | 
= (4nY) v (B 0^ Y) 
=AUBNY 
| =(BUA)NY 
| -(BnY u(4nY 
= В ЈА 
a(B', A’) 
-. ода", В) ЕТ 
(ii) о(4%, А) = Аб U A’, A’ e PY and A’, is the minimal element of Т. 
= (А, гу Y) u (4 n Y) 
= (4g NADUY 


=(ANA)UY 
=(AN YY 4,9 Y) 
-А U A’, 
= aA’, 4%) 

<. (Y, T’, 00) is a sub p-a space. 


Example 4.2. Let (0, Т, о) be а p-a space where С is a group and 7 is a p-topology called 
usual p-topology consisting of all subgroups of G with identity subgroup of G as the minimal 
p-open set and p-a structure on G is as follows : 
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а, ; Рб x P9 -> РС such that 
0(4, В) = AB, А, В є Рб and AB means 
the ordinary product of the complexes A, B. 


Let (К, Т) be а sub p-topological space of (С, Т) where К is a subgroup of С and 
T={KOG,:G, eT, Xe A}. 


Let @ : РК x PK — PX such that 
(i) aA, В) = o(A', В) = АВ for A, В СК 
(i) 04, BY) = АВ 
= (4 ^ К)В ^ К) 
= (АВ о Ке T’ 
Since A is a subgroup of G > A ET 
and В is a subgroup of С => ВЕТ. 
АВеТ iff AB = BA 
А, B) eT iff ofA, B) = o(B, A) 
о(А, В) ЕТ Тода, B) = o'(B', А), A, BET 
(iii) 0047, A’) = Аба, A’ Е PK and 4’, is the minimal element of T 
= (А ККА К) 4,4,6 Т 
= (404) су К 
= (449) п К, Аб € T 
= (4 ^ Куд, ^ К) 
= AA’, 
2. (К, T’, a’) is a sub p-a space. 


Definition 4.2. (a) A sub p-a space (У, Т, a’) of a p-a space (X, Т, о) is called a normal 
sub p-a space if Y is a normal set іп (Х, 7, о). 


іе. ОКА, А) = WA, A), A e Т, A, e PX. 


(b) A sub p-a space (Y, Т, a’) is said to be normal in itself if every member of 7” 
is normal in (Y, T, a’) іе. if. 


о(4, В) = o/(B, A), AET, Be PY. 


G- 146084 


iy 
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Example 4.3. Let (Х, Т) be a оса space and let (X, Т, о) be а p-a space where 
а : PX x PX — PX such that 
a(A, B) = А ОВ, A, ВЕРХ. 
Let (Y, Т”, a’) be a sub p-a space of (X, Т, a) where 
T={AnY:AeT 
and ©’: PY x PY — PY such that 
ol (A’, В’) = o(A', В) = A’ ОВ for A’, В e РЇ. 
Then (Y, 7”, a’) is а sub p-a space [Example 4.1] 
Again (Y, Т”, o^) is a normal sub p-a space as well as normal in itself. 
Let Y be a subset of X. 
Then a/(4’, Y) = A UY МА e РХ 
= УА 
= a(Y, A^) 
-. Y is a normal set in (X, Т, о) 
^. (Y, Т”, а”) is a normal sub p-a space. 
Also let A’ be any member of 7" 
(А, В) =A’ URB, Be PY 
= В ЈА 
ов”, A’) 
Хо, BY) = ов, 4’) VA' e Г, B' e PY 


2. Every member of 7” is normal in (Y, 7”, о?) 


-. (У, Т”, о”) is a normal sub p-a space in itself. 
Proposition 4.1. Let H be a subgroup of group G and let T be a p-toplogy called usual 
p-topology оп С. Let а be а p-a structure on G such that 0(4, В) = AB, A, B Ро. Then 
(С, Т, а) is a p-a space. Let о’ be а p-a structure on sub p-topological space (Н, 7) of 
p-topological space (G, T) such that | 

a(d, B^) = ald, В’) = A'B' for A’, ВСК. Then (Н, Т, œ) is a normal sub р-а 
space of (С, T, о) if and only if H is a normal subgroup of С. 

Proof : [From example 4.3] 


(Н, Т, œ^) is a normal sub p-a space 
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of (С, T, а) «> Н is normal іп (С, T, о) 
€» a(H, A) = (А, Н), A e PE 
<> НА = AH, 
<> Н 15 a normal subgroup of С. 


Proposition 4.2. Let H be a subgroup of a group С and Т be the usual p-topology оп С. 
Let о(А, В) = AB, A, ВЕ Рб. 


Then (Н, Т, о) is а normal sub р-а space in itself if and only if every subgroup of Н 
is a normal subgroup of Н. 


Proof. (H, Т”, a’) is normal in itself 
<> о А, В) = ОВ, А), АЕРН, ВЕТ 
< AB = ВА 
€ АН о С.) =(HOG,)A where В = Нг G, G, € T, X e A. 
€» AH, = H,A where H, is any subgroup of H which is of the form HM G, 
<> H, is a normal subgroup of H. 


Conclusion. The study of the sub p-a space is to be continued and many of its implications 
are to be exposed in future. 
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ON FUZZY SUBSTRUCTURES OF NEAR-RINGS 
HELEN К Sarkis AND Lita К. BARTHAKUR 


ABSTRACT : In this paper we investigate certain properties of fuzzy substructures of a near-ring N. 
Some interesting results are established using the concepts of fuzzy prime N-subgroup, fuzzy irreducible 
N-subgroup and fuzzy primary N-subgroup of N. A fuzzy subset is defined analogous to the radical 
of a fuzzy ideal of a ring and it is shown that the fuzzy subset is a fuzzy semiprime N-subgroup and 
some related properties are obtained. 


Key words and phrases : Near-ring, near-ring group, fuzzy ideal, fuzzy primary N-subgroup, fuzzy 
prime N-subgroup. 


INTRODUCTION 


The concept of fuzzy sets was introduced by Zadeh [6]. Since then these ideas have 
been applied to other algebraic structures like groups, rings, modules, topologies and so on. 
The notions of fuzzy sub near-ring and ideals were introduced by 5. Abou-Zaid іп 1991[1]. 
In this paper, we investigate certain properties of fuzzy substructures of a near-rmg N. Some 
interesting results are established using the concepts of fuzzy prime  N-subgroup, fuzzy 
irreducible N-subgroup and fuzzy primary N-subgroup of N. It is proved that the intersection 
of all fuzzy prime N-subgroups of N containing a fuzzy N-subgroup is a fuzzy N-subgroup 
which is analogous to the radical of an ideal of a ring. The fuzzy irreducibility character of 
an N-subgroup leads to another fuzzy N-subgroup which is fuzzy prime. In some special cases 
we find that every fuzzy irreducible N-subgroup is fuzzy primary N-subgroup. Finally we show 
that a fuzzy N-subgroup can be expressed as the intersection of fuzzy irreducible N-subgroups 
and in certain cases the same can be expressed as the intersection of primary N-subgroups. 


1. DEFINITIONS AND NOTATIONS 


A right near-ring [5] М is a system with two binary operations “+” and 4) such 
that (i) (N,+) forms a group, not necessarily abelian, (ii) (N,.) forms a semi group and 
(ш) (x + y)z = xz + yz, for all x, y, z e N. 


A near-ring N is said to be zero symmetric if x.0 = 0, for all x е М. 
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Throughout our discussion near-ring N means a zero symmetric right near-ring with unity, 
S(N) denotes the class of fuzzy subsets of N and F(N) denotes the class of fuzzy left N-subgroups 
of N. 


Let u є S(N). Then u is called a fuzzy left (right) N-subgroup [1] of N if for x, y € 
N, (i) u(x у) 2 Міра), щфу)} and (ii) шау) 2 uO) H (ау) 2 n6). 

u is called fuzzy N-subgroup АҒЫ is both left and right fuzzy N-subgroup of М. 

A fuzzy subset u of N is called a fuzzy left ideal [1] of N if (i) в is fuzzy subgroup 
of М, (ii) щх + y) = O + x), (ii) [аф + x) - ab] > Ша), for a, b, x, y in М. 

A fuzzy subset р of N is called a fuzzy right ideal [1] of N if (1) u is fuzzy subgroup 
of М, Gi) ще + y) = цу + x), (ii) Қау) 2 Қо, for all x, y in N. 


If u is both fuzzy right as well as fuzzy left ideal of N then р is called a fuzzy ideal 
of М. 


Let р be a fuzzy N-subgroup of N and u, = (хе М|Шх) = p(0)}. If = N then we 
say р. is a proper fuzzy N-subgroup of N. 

Let А c N and те [0, 1]. We define 140) =, ifxe A 
0, if x € А. 


Then 1, is a fuzzy subset of N. If A = {x}, then 1, is called a fuzzy point of N. Also 
1, is the characteristic function of A. Further t(x) = t, for all x e М. 


A left N-subgroup A of N is called irreducible [2] i£ A4 = Ге J, I and Jare left N-subgroups 
of N, then either А = J or 4 = J. 

Let u € F(N). Then p is called a fuzzy irreducible N-subgroup if р = Ө м с implies 
Ц = Ө or u = с, where Ө and с are fuzzy N-subgroups of М. 

A left N-subgroup A of N is said to be primary N-subgroup [2] if ab € A anda ¢ A 
then b” е A, for some n є Z, 

Let p € F(N). Then р is called fuzzy primary N-subgroup of N if (ab) > ша) implies 
Шар) < u(b”), for all a, b e М, for some n є Z, 


i 


A fuzzy N-subgroup u of a near-ring N is said to be fuzzy prime N-subgroup if | is 
not a constant function and for any fuzzy N-subgroups o, Ө of N, c0 c u implies сс u 
or бесы. 


For any N-subgroup J of N we define 
JI = (x € М є I, for some positive integer k}. 
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Let р € F(N). Then we define a fuzzy subset Ми of N such that 


WO) = sup (t|x € Jp}, t € Imp. 


A fuzzy N-subgroup р of М is called fuzzy semiprime if шп") = u(n), for all n e N 
and for all КЕ Z*. 


Let A be ап N-subgroup of М. An element a є N is said to be prime to A if ab є A 
implies b € A, for every b e N. 


We denote P, = {ae N : a is non prime to A} 
Let р € F(N). Then we define a fuzzy subset бі of N such that 


си) = sup{t|xe Fy}, t e Imp 


= под, if x ¢ ћу» for any t € Imp. 


2. PRELIMINARIES 


Lemma 2.1. [1] А fuzzy subset u of N is a fuzzy left N-subgroup if and only if the level 
subset р, £ € Imu is a left N-subgroup of N. 


Lemma 2.2. If u is a fuzzy irreducible N-subgroup of N then |Jmu| = 2 and le ти. 


Proof. If possible let т, s, Е € Imu such that m < s <.t = (0). We define fuzzy subsets С 
and 0 of N such that 


со) =, if x € p, and 0x) -tifxeg, 


І 


|| 


k, ИхЕр- И, 5 << s,ifxeH-—H, 


= т, if x є, =r, хе, т<г<$5 


It can be easily verified that с and Өе (М). If u(x) = Е then x e р, implies 00) = 1 
and o(x) = t. So, и = Ө м с. In case р(х) = s we have x € p, and x ¢ u, It follows 0(x) 
= s and o(x) = k which give (Ө па) = s and thus р = Ө м o. Finally if p(x) = m then 
хе and it implies o(x) = m, Ө(х) = г. Thus д = ON с. 


Hence in all the cases р = Ө N c. But it is seen that р + Ө and р + с which contradicts 
that u is fuzzy irreducible. As u is non constant we get the required result. 


Next, let (0) = ¢ < 1. We define fuzzy subsets Ө and с of N such that o(x) = * > 
t, if x e p, 0%) = WG) if x ¢ u, and Ө(х) = 4, for all Е N. Then it is clear that Ө, o € 
F(N). Also u = Ө м с while u = Ө, с + р contradicting irreducibility of u. Thus (0) = 
1 and le тд. 
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Lemma 2.3. If р is a non-constant fuzzy irreducible left N-subgroup of N then ji is an 
irreducible left N-subgroup of N, where pọ = (x е N|p(x) = u(0)}. 


Proof. Let x, y € pọ Then w(x) = Шу) = u(0). Now щх – у) 2 min (JG), n0); = HD). 
It gives u(x — y) = (0) and thus x — y € p. Also let x Е Цу n є N. Then p being a fuzzy 
N-subgroup of N we get шпх) > р(х) = u(0). It follows that nx € у. Thus p, is a left N-subgroup 
of N. 

Next we prove the irreducibility of пу. If possible let A, В be two left N-subgroups of 
N such that ц = 4 N B with p # A, Ho # B. It is obvious that А + B. We define two fuzzy 
subsets Ө and б of N such that 

с(х) = u(0) if x € пр об) = 4 (а + ШО) if x € A — ц, об) = о, if x e A 

Ө(х) = 10), if x € џу Ox) = % (a + (0), if x e B — po, 60) = a, if x € B, where 
Imu = (1, a}. 

It is obvious that Ө, де F(N). If for x e N, p(x) = (0) then o(x) = |Ц0) and 60) 
= (0) which implies u(x) = (Өсе)х). Next if р(х) = о, then x е [ly and hence x ¢ A or 
x € B. 

Thus either Ө(х) = a or o(x) = a giving thereby р = 9 N o with u sx 9 andi #0 
which is not the case. Therefore |; is irreducible left N-subgroup of М. 


Lemma 2.4. If A is an irreducible N-subgroup of N then u = X, U ољ бе (0, 1] is a fuzzy 
irreducible N-subgroup of М. 


Using lemma 2.2, lemma 2.3 and lemma 2.4 we get the following result. 


Lemma 2.5. Let р е F(N). Then р is fuzzy irreducible left N-subgroup of N if and only if 
Ту = (1, о), о є [0, 1) and р, is a irreducible left normal N-subgroup of М, t € Imp. The 
following can be easily obtained : 


Lemma 2.6. Let A be a primary left N-subgroup of N. Then р =x, У a, is fuzzy primary 
N-subgroup of N. 


As in [1], the following can be obtained. 


Lemma 2.7. Let A (# N) be a fuzzy N-subgroup of N. Then A is a prime N-subgroup of N 
if and only if x, is a fuzzy prime N-subgroup of N. 


In a similar manner as in [3] we get the following. 
Lemma 2.8. Let д be a fuzzy prime N-subgroup of N. Then |Jmp| = 2, (0) = 1. 
Lemma 2.9. [2] Let I be an N-subgroup of N and S be a multiplicative subset of N. If I ^ 
5 = 6, then there exists a prime N-subgroup P of N such that I c P and P S = ф. 


f 


А 


4 
2 
3 
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3. MAIN RESULTS 


Now we prove our main results 


Theorem 3.1. Let р be a fuzzy N-subgroup of М. Then „fp is the intersection of all fuzzy 
prime N-subgroups of N containing p and hence Ји is a fuzzy N-subgroup of М. 
Proof. Let Х(ш) be the set of all fuzzy prime N-subgroups of N containing р. 


Let n= Neo. Ifo e Хи) then Imo = (1, a}, a [0, 1). Let хе N, n e Z*. Коб) 
ceX(u) 


= ] then x"eo, and o, being prime we have x € Op. Thus o(x) = 1. And hence o(x") = o(x). 
Also if o(x") = о, then а, = o(x") > o(x) and so o(x) = a, as Imo = 2. Thus o(x") = o(x), 
for all x е N and, for some positive integer п. 

Hence o(x") = об) > w(x"), as u c ©, for every o є Хи). This implies (NO)(x) > 
sup u(x") = Ju(x), for all ceX(u). Thus n(x) > u(x) and hence Ju ст. 


Next if possible let МЕ ст, Then there exist a є N such that Ju(a) < n(a). Let t € 
(0, 1] such that ЈА (а) < t < та). This gives a" ¢ u „ for all positive integers n. Let 5 = 
(a, a’, a, ...}. Then S is a multiplicative set such that p, О S = ф. By lemma 2.9, there exists 
a prime N-subgroup P of N such that u, с P and P A S = 9. So a € P. We define a fuzzy 
subset v of N such that v = x, U ty. Then v is a fuzzy prime N-subgroup of N such that 
| € v. From above we get that Wa) = t, as a € P and by assumption (а) > t. But v € Жи) 


and v(a) > т(а). This gives us a contradiction. Hence Jp =". 


Theorem 3.2. Let р be a fuzzy N-subgroup of N. Then u is a fuzzy semiprime N-subgroup 
of N. 


Proof. Let x є N, n € Z*. Then by definition fu(@ = sup (t|x* ЕДА, t € Imp} and Ju) 
= (tix € Ји, t e Imp}. Let S, = (tx e Ju, t e Imp} and Sx" = (tx? © Ju, te Imp}. 
If t € Sx" then x" Ед, t € Imp and so, there exists m є Z* such that х”” e u, This gives 
that x е и. Thus Sx" c S, and it implies sup 5х” < sup S, = Ju (x). Hence Ji (x) = Ju. 
Theorem 3.3. Let р and Ө be two fuzzy N-subgroups of N. Then 


(i) Ju(0) = ШО), 6) н с Ји (іш) №) = sup и”), for some positive integer л. 


Gv) Au = б) Ји с (ЈИ), and ЈИ, = (Jp). if Бор is finite, (vi) р c Ө implies 
Joc, (уі) и+есЈЕ+/8, | 
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(viii) Ju г = Ju = Jud, (ix) JUG) = sup о"), for some positive integer n. 
The Proof is straightforward and so we omit it. 


Theorem 3.4. Let р be a proper fuzzy N-subgroup of N. Then 

G) 0,00) = (0), Gi) (будо = Ар, (iii) t C Op, (№) (бр) СА, ге Imp. 
Proof. Since uj = N and 0 is non prime to |, by definition, (i) follows. 

(ii) Let x е (бр Then oœ) = 0,(0) = (0). This implies х є Pao Also, if x € Ву 
then o,(x) = рО) = o, (0). It gives x € (су). Hence fus (с): 

(iii) Let р(х) = t such that u, # N. Now x e p, implies хе Pu, 9,0) 2 

Hence, o, (x) > U(x). 

Next let u(x) = t such that р, = N. If x € Рр, for all s € Imp, then o, 0) = u(x). And 
if x e Pu, for some s є [ту then s 2 t. Thus for every x е М, субх) > |Қх). 

(iv) Let x е Ри, Then с.е) 2 1. бо, хе (с), This proves the result. 
Theorem 3.5. ІҒ р is а non constant fuzzy irreducible N-subgroup of N then б, is a fuzzy 
prime N-subgroup of N. 
Proof. Clearly р, = N, |Jmp| = 2 and by lemma 2.3, м is an irreducible N-subgroup of М. 
As a consequence of lemma 9[2], it follows that Рр, is a prime N-subgroup of N. Hence (6) 
is a prime N-subgroup of М. Also | є тс, for if с,(0) = 5 < 1, Шеп (0) = s < 1 which 
is not the case. By definition, mo, | = 2. Thus 9, is a fuzzy prime N-subgroup of N. 
Theorem 3.6. If every fuzzy prime N-subgroup is a zii prime then every dedi irreducible 
N-subgroup is fuzzy primary. 
Proof. Let u be a fuzzy irreducible N-subgroup of N. Then б, is a fuzzy prime N-subgroup 
of М. By theorem 3.1, Ju С Op. Also we note that |Imp| = 2 and а | 
102, (yo = Puo = Vito = ЈИ). Hence ЈИ =o, 

Next let a, b е N such that (аб) > а). Then (ab) = 1 gives ab € p, and a € po. 
Thus b € Рр and it implies that с, (Б) = (0). It implies that /u(b) = |Ц0) and so, b є Jus. 
Therefore we get b” € Ho, for some positive integer n. Thus (ab) = u(b") and it proves that 
u is a fuzzy primary N-subgroup of М. 


Theorem 3.7. Let р be a fuzzy N-subgroup of N and Imp = (1, о), а є [0, 1). Then p can 
be expressed as the intersection of all fuzzy irreducible N-subgroups of N containing |. 


— 2. By lemma 
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Proof. If is obvious that ц, = N. Then ру is the intersection of all irreducible N-subgroups 
Ip (k= 1, 2, 3, ...) of N such that ру c I, for all k. We define u, = X7, U о, Then ц, 
is a fuzzy irreducible N-subgroup of N with р ср, for all k. Also p = A Hy. 


Also let Ө be any fuzzy irreducible N-subgroup of n such that и с Ө and /m = (1, 
В}. It is easy to get that œ < В and Ө, = Ц, for some k. Thus we get и = (Ирод, for 
all 0 defined as above. This proves the result. 


Theorem 3.8. If N satisfies ascending chain condition (acc) on its N-subgroups then every 
fuzzy N-subgroup u with Imp = (1, а), ae[0, 1) can be expressed as a finite intersection 
of primary fuzzy N-subgroups. 


m 
Proof. As Шу # М, there exist primary N-subgroups P}, Ру, .., P,, such that po = 78. 
k=] 


Let uj = Хр У Oy for k = 1, 2, ..., m. Then each u, is а fuzzy primary N-subgroup 


of Nand p= (и. 
k=! 


Theorem 3.9. If every fuzzy prime N-subgroup is minimal prime then every fuzzy N-subgroup 
is the intersection of all primary N-subgroups that contains it. 


The proof follows from theorem 3.7 and 3.8. 


Theorem 3.10. If N satisfies the acc on its N-subgroups then for any и в F(N), (Ju) с и 
for some n € 27, where ти = (1, a}, a e (0, 1). 


Proof. Let x € N. If x e diy. then for every хе we have x, € Jio: for all i = 1, 
il 
2, .... m. This gives, Ju(x) = 1, for all i = 1, 2, ..., m. 
Hence, (JW"@) = sup(min(/nG), Ju), ~. Jue) = 1. 
As lly N, fug)" си. This gives that u(x) = 1. And so, (Ло) = р(х) if xe (Ло). 
Next if x € (Juo y then for every expression х=Пх there exists i such that x, € Ји. 
= 


Therefore, (/1)"(x) = о while р(х) = 1 or a. In whatever case may ђе, (Ju)'(x) < и, 
for all x e N. Thus the result follows. 
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BOOLEAN ALGEBRAS AND A*-ALGEBRAS 


P. KoreswaRA Rao AND J. VENKATESWARA RAO 


ABSTRACT : This paper studies the algebraic structure of A*-algebra which is generated by a Boolean 
algebra and a new set of minimum number of axioms for Boolean algebra. 


Key words : A*-algebra; Stone type representation; Boolean Algebra. 


0. INTRODUCTION 


It is well known that for any set X, 2%, as a set 2 = {0, 1}, is a Boolean algebra and 
that any Boolean algebra can be imbedded іп 2% for some set X. We consider the algebraic 
structure of 3%, where 3 = {0, 1, 2} for some set X. 


In a drafted paper “The Equational theory of Disjoint Alternatives”, around 1989, E. 
G. Manes introduced the concept of ada which however differs from the definition of the ada 
[6]. While the ada of the earlier draft seems to be based on Boolean algebras, the latter concept 
is based on C-algebras introduced by Fernando Guzman and Craig C. Squir [2]. 


In 1994, P. Koteswara Rao in his thesis [4] firstly introduced the concept of A*-algebras 
and studied their equivalence with Adas [5], C-algebras [2], and Adas [6] and their connections 
with 3-rings, Stone type representations and introduced the concept of A*-clones and the if- 
then-else structures over A*-algebras and ideals of A*-algebras. 


In this paper, we concentrate on Boolean algebras, a new set of minimum number of 
axioms for Boolean algebras using Huntington’s theorem, A*-algebras and the methods of 
generating A*-algebras from Boolean algebras. 


First we start with the concept of Boolean algebra. 


1. BOOLEAN ALGEBRA 


Definition 1.1. A Boolean algebra is an algebra (В, ^, v, (-У, 0, 1) with two binary operations, 
one unary operation (called complementation), and two nullary operations which satisfies : 

(1) (B, ^, v) is a distributive lattice; (2) x ^0-0,x vl1-^lfoal хеб; 
(3) хлх = 0, xv x = 1 forall x e B. 
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We can easily prove that x” = х, (x v у) =x лу, (x ^ yy =x’ уу” for all x, уеВ. 


Definition 1.2. Let X be a set. The Boolean algebra of subsets of X, P(X), has as its universe 
P(x) and as operations U, n, ’, Ф, X. The Boolean algebra 2 = (0, 1} is given by (2, v, ^, 
^, 0, D), where (2, v, ^) is a 2 element lattice with 0 < 1 and where 0’ = 1, 1' = 0. 


Alternative systems of postulates for Boolean algebras were intensively studied during 
the decades 1900-1940. E. V. Huntington wrote an influential early paper [3] on this subject. 
No attempt will be made here to survey the extensive literature on such postulate systems. 
We present here Huntington's postulates in 1.3. We present a new set of postulates of our own 
for Boolean algebra in 1.4. 


Huntington's Theorem 1.3. [1] Let B have one binary operation v and one unary operation 
(-) and define (i) a ^ b = (а v БУ for all a, b є B. Suppose for alla, b, с є B, (ii) a 
Vb-b v a; (ii) a v (b v c) = (a v b) v c and (iv) (a ^ b) v (a ^ b^) = a. Then B is 
a Boolean algebra. | 


Theorem 1.4. [7] Let В have one binary operation A and one unary operation (-) and define 
(i) a. v b = (а ^ Б) for all a, b є В. Suppose for а, b, с е В, (Іі) ау 5- Бу а; 
(Ш) (a v b) v c =a v (b v cy; (iv) (a ^ b) v (a ^ b^) = a. Then В is a Boolean algebra. 
We now introduce the concept of A*-algebra. 


2. A*-ALGEBRA 


Definition 2.1. [4] An algebra (А, ^, ж, CY, (2), 1) is an A*-algebra if it satisfies : For a, 
b, с.е A, (i) ap v (а, = 1, (ay), = a, where ам b = (a л БУ; 

(i) a, v b, = b, v ay; (iii) (a, v by v c, = ap v (b V CD; V) (ay ^ b.) У (ay ^ 
(b^) — ay (у) (a ^ D, = ay ^ бр (a ^ ЫЎ = а“ v b* where а“ = (a, v a^, (vi) а, 
= (a, v ау, a“ = а“; (vii) (a ж b), = ар (a * b} = (ay) ^ (P^, ; (viii) a = b if and only 
if a, = бр a* = b*. We write 0 for 17, 2 for 0 » 1. 


Example 2.2. With the operations defined below (3, ^, +, CY, ©, 1) is an A*-algebra where 
3 = (0, 1, 2). 





(d) 
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Verification of example 2.2. Since, 0, = 0, 1, = 1, 2, = 0, 07 = 1, 1^ = 0 and from tables 
(а) and (b), we have a vb = (a^ ^ bY and (i), (ii), (iii), (iv) and (v) (a ^ b, = a, ^ бр 
for all a, b, с € 3. Since, 0* = 0, 1* = 0, 2# = 1 and from table (c), 

we have а” = (a, У а)" and (v) (a ^ bY* = а“ v 57, (vi) and (vii) for all a, БеЗ. 

And since a, # lp 0* # 2* and-1, # 2, we have (viii) a = b if and only if a, = бр 
а“ = b* holds in 3 = (0, 1, 2). 
Note 2.3. 1. From 2.1 (i) to 2.1 (iv) and by theorem 1.3 2(4) = {a,/a є A} is a Boolean 
algebra with ^, v, (У, 0 and a е B(A) => а, = a. Since 1, 0, (a,)” є B(A), we have 1, 
= 1,0, = 0, a) = (a,) and a, ^ аё = 0, а “0 = а 

213]. Let (B, ^, ©)’, 0) be a Boolean algebra. Then, 

A(B) = (а), a) / а, a, € B and a, ^ а, = 0) becomes an A*-algebra with 1 = 
(1, 0), 0 = (0, 1) and for all a, b € A(B) where, b = (5), bj), b, Б, € B, 5, A 5, = 0. 

(i) aa b= (a,b,, a,b, + a,b, + a,b,) (where juxtaposition, +, (-) respectively л, 

v, (Y in Boolean algebra В). 

(1) av b = (ab, a,b, + a,b, a,b,). 

(ii) а” = (a, aj) 

(iv) a, = (а, ар) 

(У) ажр = (а), а) 5) 

3. Let (А, ^, ж, ©), (2, 1) be ап A*-algebra. From 2.3 Theorem [3] we have А = 
A(B(A)). 


Theorem 2.4. [7]. Suppose (В, A, v, (-У, 0, 1) is a Boolean algebra. Define, = on B x 8 
as (a, b) = (c, d) if and only if a = c and a’b = c'd. Then, (i) = is an equivalence relation 
оп Вх B; « a, b >= (с d) € Вх Bi(a, b) = (c, d)), the equivalence class containing 
(a, b). Let ж = B x В/ = = («a, 5>(а, b) € B x B). 


(1) For every <a, b> в ssp, there exist e, / В and ef = 0 such that (e, 7) е <a, b> 
and (e, f) is unique. (iii) Define, A, v, ж, (C, (CY, 1, 0, 2 on ef, as follows : 

Assume that o£,.— {<a, b»/a, b е B, ab = 0}. 

(a) : <a, b» ^ «c, d» = «ac, ad + bc + bd> (where juxtaposition, +, respectively л, 
v in the Boolean algebra 8); 


(b) : «a, b» v «e, d» = «ac + ad + be, bd»; (c) : <a, №” = «b, a»; (ду: 
«a, b», = «a, a'>; (e) : «a, b» ж <c, d» = «a, a'd», (f) : 1 = «1, 0», 0 = «0, 1>, 
2 = <0, 0>. 
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Then (sp ^, v, *, CY, Op 0, 1, 2) is ап A*-algebra. А 
Proof. (i) Suppose (а, b) Е B х B. Since a = a, аЬ = аЬ, implies, (a, Б) = (a, b). 


(ii) 


(iii) 


Hence = is reflexive. Suppose, (а, b) = (c, d) => а = c and аЬ = са => с = а, 
са = ab. 
Therefore, (с, 4) = (а, Б) => = is symmetric. 


Suppose (а, Б) = (с, d) and (c, d) = (e, f => а = с, ађ = са and с = е, са = 
еј = a = e, db = e'f — (а, Б) = (e, f). Hence, = is transitive. 


Hence = is an equivalence relation ор В х В. 


Define, <a, b> = ((c, d) € B x В / (а, b) = (с, d)}, is the equivalence class containing 
(а, b). Also define, 4, = Bx B / = = {<a, b> / (a, b) e Bx B}. 


Suppose «a, b> є р. Let e = a, f = ab. Then e, f е В, ef = 0 and (e, f) € 
«a, b». 


Suppose е), f, € В & ejf, = 0 and (е, Л) є <a, b>. 


Since (e, f) е <a, b» and (е, fj) е <a, b> = (e, f) = (a, Б) and (e, Л) = 
(а, b) > (e, f) = (e, Л) > e =e, and ef = еў — e = е and f= у. 


Therefore, (e, f) is unique. Clearly, «a, b> = «e, f>. Then 4, = {<e, fele, fe B, 
ef = 0). 

1, = <1, 0», = <1, 1> = «1, 0» = 1. 

<a, b», = <a, а>; «a, Б> = <a, а> = <a, а> = <a, Б>. 


Hence, В(.4,) = {<a, b> (a, Б) е B x В) = («a, а> / a є B). Therefore, 
Bitty) = В. 


Therefore, 2.1 (i) to (iv) hold in up. 


Consider, (<a, b> ^ <c, d»), = «ac, ad + be + bd», = «ac, (ас)> 
«ac, а + с>. 


Therefore, (<a, b» ^ «c, d»), = «ac, а + c^». 


Consider, <a, b>, ^ «c, d», = «a, а> ^ «c, с> = «ac, ас t ac t a'c'» 
«ac, ac’ + a’> 
(ac, c’ + a’). Therefore, (<a, b> A <c, d»), = <a, b>, ^ «c, Ф. 


Consider, <a, b»* = (<a, b>, У <a, ы.) = (<a, a'> У <b, а> = (<a, а> v 
<b, b’>)~ 
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(«ab + ab’ + d'b, a’b’>) = (<a + a'b, ађ>) = (<a + b, ађ>у = (a'b/, a + b). 
Therefore, «a, b>* = <a’b’, a + b>. Clearly, <a, b»^* = «a, b>#, 

Now, <a, b>~ = <b, a>; <a, b>", = <b, 6>. ‘ 

Consider, (<a, b», v <a, Њу = (<a, а> v <, a + Бу 

(«aa'b' + ala + b) + аа, a'(a + Бру = («0 та + ab + gb, ању 

(<a + a'b’, ау = (<, 5>) (since ab = 0) = «b, b’>. 

Hence, <a, Б>", = (<a, b», ж «a, b»*y. 


Since, <a, b> , «c, d» = <a, a’d>; (<a, b> „<c, d»), = <a, a’d>,, = <a, а>. Also, 
<a, b», = <a, а". 


Therefore, (<a, b» ж «c, Ф), = <a, b>. 

Consider, (<a, b> ж «c, Ф}? = <a, a'd»* = «a'(a'dy, a + a/d» = «a'(a + Ф), a 
+ а'4> 

«a'd', а + d». Therefore, (<a, b» , «c, >) = «a'd', a + d». 

Consider, <a, b^, A «c, ФУ у = <a, а>” ^ «d, d> = <a’, a> ^ «d', d» 
«a'd', ай + ad’ + ad» = «a'd', аа + a» = «a'd', а + a>. 

Therefore, <a, Б>" ^ «c, 4 = «a'd', a + Ф. 

Hence, (<a, b> „ «c, d»)! = «a, b>", ^ «c, Фр. 

Suppose, <a, b>, = «c, d»,; <a, b»* = «c, d»*. 


Then, <a, b>, = «c, d», = <a, а> = <e, с> => (а, а) = (c, С) => a = с, аа 
= сс => а = с. 

Also, <a, b># = «c, Ф? => «a'l/, а + b» = «'d', с + d» => (ађ, а + b) ~ 
(са,с+ d) => ађ = са, (a'b')(a + b) = (са) (с - d) > а +" ђ=<се +фа. 


Consider, а + b = c + d => a'(a + b) = a'(c + d) = с(с + d) (since а = с) > 
ар = са (since аЬ = b, са = а, as, ab = 0, са = 0). 


Therefore, а = с, аЬ = са => (а, Б) = (c, d) => «a, b» = «c, Ф. 
Therefore, «a, b», = «c, d>,, <a, Б? = «c, d># => «a, b> = «c, Ф. 
Hence, (4, ^, У, » (Әр СУ, 1) is an A*-algebra. 

Therefore, every Boolean algebra B generates an A*-algebra 4; = B x В / =. 
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Corollary 2.5. Let (А, ^, „ СУ, (Эр 1) be ап A*-algebra. B(4) is defined as in Note 2.3 
1. Then, A = Agcy. | 
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CHARACTERIZATION OF GROUP STRUCTURES 
OF MODULES AND RINGS WITH A.C.C. 
ON ANNIHILATORS 


GIREEN Сн. Das, GrrAu Das Амр К. С. CHOWDHURY 


ABSTRACT : In this paper we deal with the group structure of a Goldie ring as well as that of what 
is termed as a so-called Goldie module. Here we find criteria for a group A such that there is a ring 
R in a given class of rings so that its additive group is isomorphic to A. In some special cases, the 
additive group structure of a Goldie ring gives rise to interesting results. In case of a Goldie module, 
if the ring attached with it satisfies some sorts of finiteness conditions on its annihilators, then the group 
takes some elegant form so far its decomposition is concerned. Some converses of these aspects in case 
of a Goldie ring have also been attempted. 
M.S.C.2000 : 16Р20, 16Р40, 16Р60, 16Y30 

20К10, 20К15, 20K21, 20K27 
Key words : Goldie ring, Goldie module, Independent family of submodules, Annihilator ideal, Torsion 
subgroup, Torsion free subgroup, Divisible group, Quasi-cyclic group, Fully Goldie module. 


1. INTRODUCTION 


In 1988 [2] Chowdhury has introduced the notion of a new algebraic structure — the 
so called Goldie module and has obtained some interesting results analogous to those of a 
Noetherian module, viz., the decomposition of zero of such a module and the Artin-Rees 
Theorem for a Goldie module in some special cases. It is to be noted that the attached ring 
here need not be a Noetherian ring in general as assumed in some corresponding results in 
a Noetherian module. | 


On the other hand, the case, which studies the relation between the structure of a ring 
and that of its additive group, is another interesting aspect. This is motivated from two view- 
points. 


First one is : for a given group 4, to find all rings R whose additive group is isomorphic 
to A and | 
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the other is : for a given class of rings, to find the criteria for a group A such that there 
is a ring R in the given class whose additive group is isomorphic to A. 


No satisfactory answer may be given as far as the first case is concerned. We shall deal 
with ring classes whose additive groups are rather restricted. A characterization of those groups 
is dealt with here in case of Goldie rings and Goldie modules. 


Here our objective is to look at the group structure of a Goldie module M over R from 
this view-point. In certain aspect, as a special case, the additive group structure of a Goldie 
ring gives rise to some interesting results. When the attached ring R satisfies the ascending 
chain condition (a.c.c.) on annihilators, the group (M, +) takes some elegant form so far its 
decomposition is concerned. Lastly some converses on Goldie rings have also been dealt with. 


2. PRELIMINARIES 


Throughout our discussion R will mean a ring not necessarily commutative and need 
not contain the unity 1, M is a right R-module and R* will mean the additive group structure 
of the ring R. 


A family (Мојфе A} of submodules of M is an independent family if for each о € A 
we have М, O (È Му) = 0. The submodules Мо, & € А span M if M = УМ. The module 
Во. 


сел 
M is the (internal) direct sum of its submodules М, Св A, written as М = € Mg, if 


aeA 
(Маје Л} is an independent family of submodules spanning M. If p is a prime (number) 
then the set {m e M|p"m = 0, for some n € Z*} is called the p component of (M, +). 
Similarly p? component of a ring can be defined. 

For some 5 c; К, the right (left) annihilator is r,(S) = (x € R |Sx = 0} (1,(S) = (x 
€ R | xS = 0}). For a left ideal В of R, T C M, Ann, (В) = (те M | mB = 0} is a submodule 
of M and Ann,(T) = (x € R | Tx = 0} is a right ideal of В. It is to be noted that if M = 
К, then Ann,(S) = 1,(S) and Ann,(T) = ғ,(Т). Moreover if M is an (К, S) bi-module 
corresponding results in case of left R-module and right S-module may be obtained. 


The following are some relevant easy results used in what follows. 
If a is any element in a group (С, +) and n (Е 2) = 0, we understand by what na means. 


Lemma. 2.1. (i) Given any n е 27 and any submodule N of М, the set nN = (nx | x є N} 
is a submodule of M. 


(ii) 


(iii) 
(iv) 
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Given any n € 2", we have nM c Ann,(R[n]) where R[n] = (x Е К | nx = 0} is 
an ideal of R. 

The set of torsion elements of M forms a submodule of M. 


If p is a prime number, then the р component T n {x € M | р'х = 0, for some 
n € Z*} is a submodule of M. 


The following are the corresponding results in case of a ring (in particular). 


Lemma. 2.2. (i) Given any n є 27, the set nR = (nr | re R} is an ideal of R. 


(ii) 


(iii) 


(iv) 
(V) 


(vi) 


(vii) 


Given any n є Z*, any left (right) ideal J of R, the set nJ = (nr | r e П is a left 
(right) ideal of R. 


Given any n € 2, the set R[n] = (x € R | nx = 0} is an ideal of R and nR c 
1 (К[п]). 

In particular, for an ideal J of К, nl с 1.(Пп)). 

The set of torsion elements of R* forms an ideal of R. 


If p is a prime, then the p component {x € R | p"x = 0, for some n e 27) is 
an ideal of R. 


If M has no infinite independent family of submodules, then M is said to be finite 
dimensional. 


For X c МА GBC К, we have Аппр(Х) = Апп(Апп,(Аппр(Х))) and Апп, (A) 
2 Ann, (B). 

Let N be a subgroup of an abelian group G. Then G satisfies the d.c.c. (a.c.c.) on 
subgroups if and only if N and G/N satisfy the d.c.c. (a.c.c.) on subgroups. 


Some important notions of group theory here are divisible groups, torsion subgroups, 
torsion free subgroups, bounded groups and periodic groups which may be found in any standard 
, textbook. For the sake of completeness, we like to state the following theorem which is of 
considerable importance in what follows : 


Baer’s Theorem : If D is a divisible subgroup of an abelian group G and if K is a 
subgroup such that К r^ D = 0, then D has a direct complement M containing К. 
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Before presenting the main results of the paper, the definitions of some notions and 
relevant discussions are given for the sake of completeness. 


A right module М over a ring R is a Goldie module over R or Goldie (right) R-module 
if 

(i) М is finite dimensional 

(ii) R satisfies the ascending chain condition (a.c.c.) on the annihilators of subsets of 


M in R (і.е., any collection of annihilators of subsets of М іп R contains a maximal 
element). Similarly a Goldie (left) R-module can be defined. 


Thus every right Goldie ring is a Goldie module over itself as a right R-module. Also 
every finite dimensional right module over a right Noetherian ring R is a Goldie module over 
R. Moreover it can be easily seen that if M is an Artinian right module over a right Artinian 
ring R, then М is a Goldie module over R. We also note that an (5, R) bi-module М, when 
M is right Noetherian and left Artinian, it is Goldie over R. Moreover, a submodule of Goldie 
module is clearly Goldie. 


It is known that a homomorphic image of a right Goldie ring need not be a right Goldie 
ring (page 4, [5]). And it is easily seen that a quotient ring К/Т is right Goldie if and only 
if the right R-module КЛ is Goldie module. Thus homomorphic image of a Goldie module 
need not be Goldie. And this prompts us to make the following definition (as in case of a 
Goldie ring) : If every homomorphic image of a Goldie module M is Goldie, then M is a 
fully Goldie module. 


For а subset S of К (left ideal S of К) 1,(5) (Алп,(5)) is a left ideal (submodule of 
М) of R. If it is minimal as a left annihilator ideal (annihilator submodule), then it may contain 
properly a subgroup of R* (of M). If it does not happen, then such a minimal left annihilator 
ideal (annihilator submodule) of R (of M) is also minimal or simple as subgroup of R* (of 
M). Then such a ring (module) will be called a ring (a module) satisfying the annihilator 
minimum subgroup condition (amsc). For example in Z,,[x] the ideals аге 0, <2>[x], <3>[x], 
«5»[x], <6>[x], <10>[x], <15>[x]. Annihilators of these ideals аге Z,,[x], <15>[x], <10>[x], 
<6>[x], <5>[x], <3>[x], <2>[x] respectively. Thus <15>[x] is minimal as annihilator ideal but 
the subgroup 10, 15} is contained in <15>[x]./ 


With group (G, +) we consider R = End (G, G) which can be given a ring structure. 
For a subgroup H of С we consider А(Н) = {fe R | ДН) = 0}. and it is a left ideal of R. 
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We confine our discussion to the case [C] : Where the family of all subgroups of G is in 
one-one correspondence with the family „Я of the corresponding annihilators of subgroups 
of С. We observe that in case of Z-module Z,, 21, 20 etc., the family of subgroups and the 
corresponding family of the annihilators of subgroups are in one-one correspondence. We 
discuss the group structure of those ring R in which the family of subgroups of R* is in one- 
one correspondence with the family of corresponding left annihilators of subgroups. So in such 
type of rings if R satisfies the a.c.c. on its left annihilators, then R* will satisfy the a.c.c. on 
its subgroups. 

We know that for any А СК, 1.(4) = Ip(rp(1p(4))). As in this case when we consider 
a left R-module M if for M' М and 5 c К, we have Алп (М?) = 1,(r,(S)), then we term 
Ann,(M’) as an R-alternating annihilator ideal of К. In the case when we consider a right 
R-module M if for М), М, c М, we have Аппу(М)) = rp(Ann,(M,)), then we term Аппу(М)) 
as an M-alternating annihilator ideal of R. 


We note that : if A), 45, ... с М (M as a left R-module) and Ann,(A,) > Аппр(4,) ә 
„. then we get rp(Annp(4))) с re(Ann,(4,)) = .. which gives Ann, (rp(Ann,(4,))) ә 
Anny frp(Ann,(A,))) > ... (M as a right R-module) and hence Annp(Annyfrp(Ann,(A,)))) с 
Ann p(Annyfrp(Ann,(A,)))) с... (М as right R-module). If К satisfies the a.c.c. on annihilators 
of subsets of right R-module M in В, then there exists an n є Z* such that 
Ann (Anny (rp(Ann,(A,)))) = Annp(Anny fr p(AnnplA,,.;)))) = ... (D). When every annihilator of 
subset of the right R-module M in К is M-alternating annihilator ideal of R, we get Ann,(M,) 
= rp(Ann,(4,)), VneZ' and M, с М. From (1), we get Ann;(Ann, (Ann,(M,))) = 
Ann,(Ann,(Ann,(M,,,;))) = ... which gives Ann,(M,) = Ann,(M,,,) = +. or, rp(Ann,(4,)) = 
rg(Anny(A,,1)) = ... —(2). Again when every annihilator of subset of the left R-module М 
іп А is R-alternating annihilator ideal of К, we get Алп, (А) = Ip(rp(S,,)), VneZ' and S, с 
К. From (2), rp p(rp(S,))) = т ($) =... which gives rp(S,) = FRS) = .. So 
LRRD = lg(rg(S,,,)) =... Hence Ann,(4,) = Ann,(4,,;) = ... Therefore R satisfies the 
.d.c.c. on annihilators of subsets of the left R-module M in К. 


Thus in an (R, R) bi-module M, if every annihilator of subset of the left R-module 
M is an R-alternating annihilator ideal of R also if every annihilator of subset of the right 
R-module М is an M-alternating annihilator ideal of R and R satisfies the a.c.c. on annihilators 
of subsets of the right R-module М in R, then R satisfies the d.c.c. on annihilators of subsets 
of the left R-module M in R. In this case we say that М is a bi-module with R-M alternating 
annihilator condition. 
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3. MAIN RESULTS 


Now we give the main results of the paper in five sections. The first section consists . 
of the results on modules and rings with a.c.c. on annihilators. The results on additive group 
structure of a Goldie module and some corollaries that follow from these in case of a Goldie 
module and a Goldie ring are in the second section. The third section contains some results 
on Goldie modules without quasi-cyclic groups and some coroliaries (ла! follow from these 
in case of Goldie rings. The fourth section has some independent results on additive group 
structures of Goldie rings and the last section contains some converses. 


73.1. MODULES AND RINGS WITH А.С.С. ON ANNIHILATORS 


Theorem 3.1.1. If R is a ring with the amsc satisfying the a.c.c. on right annihilators of subsets 
of К, then for any m є M, there is an & е Z* such that m œ J is а divisible subgroup for 
any right ideal J. 


Proof. Since R satisfies the a.c.c. on right annihilators of subsets of В, it satisfies the d.c.c. 
on left annihilators. Hence the collection {1 [n]) |n = 1, 2, ...} has a minimal element say, 
(1&Q о) and also 140 [a]) = ou, for oJ c 1,(I{n]) by amsc. It follows that for any z є Z* 
and В = 01, zB c; B which gives zB = B as B is simple as group giving, thereby B is divisible. 
Now if m € M, then т c; М as ml is a submodule of M. Then N = (mB) = m(zB) = z(mB) 
= zN, for any 2 е 27. Hence N (= m а J) is divisible subgroup of M 


Theorem 3.1.2. If M is a torsion free with the amsc so that it satisfies the a.c.c. on its annihilators 
and I is a left ideal of R, then the annihilator of J[s] is divisible (for s е 27). 


Proof. Since M satisfies the a.c.c. on its annihilators, R satisfies the d.c c. on annihilators of 
subsets of К іп M. Hence the collection (Ann, [n] |n = 1, 2, ...} has a minimal element 
(say) Алп, (1 [5]) and also Ann,({J[s]) is a submodule of M. If N = Ann, KI[s]), then for s Е 
Z' we have sN c N = Апп,(ЦӘ)). And Бу amsc, sN = Ann, (J[s]). If В = sN, then for any 
z € Z', we get zB с B which gives zB = В. Therefore В is divisible. Now we claim that N 
is divisible. We have, for n е М, sn е sN = B. Since B is divisible, we get some те Z* А 
sx € B, хе М such that sn = m(sx) > s(mx) = sn => s(mx-n) = 0 => mx = п (as М is torsion 
free). Thus N is divisible.// 


Theorem 3.1.3. If R is torsion free with a.c.c. on its right annihilators and satisfies the amsc, 
then for any left ideal J of R, the group Г is divisible. 
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Proof. Since К satisfies the a.c.c. on its right annihilators, the collection (15[n]) | п = 1, 
2, ...} of left annihilators has a minimal element (вау) 1,(/[m]) and also 1, [m]) = ті by 
атс. For any z е Z^, В = ml, we have zB с B which gives zB = B. Therefore В+ is divisible. 
Let ne Z* and i є I. Now we have mi € mI = B. Since B* is divisible, we get some mk 
є В, Ке I such that n(mk) = mi or, m(nk-i) = 0. The ring R being torsion free, it therefore 
follows that nk = i. Hence Г is divisible.// 


Now we prove a sufficient condition for finite generation of R* in case of a nilpotent 
ring R with the conditions [c] and the amsc which establishes a relation with an (R, R) bi-module 
M with R-M alternating annihilator condition. 


Theorem 3.1.4. If R satisfies the a.c.c. on annihilators of subsets of M as right R-module, 
then R* is finitely generated. 


Proof. К being nilpotent, so R* = 0, R! + 0, for some k € Z*. Let C be subgroup of А+ 
such that R^! c C c А! (i = 1, 2, ..., k-1). Clearly С is an ideal of R. We claim that the 
maximum condition is satisfied by the subgroups of R* lying between R! and R! (i = 1, 
2, .... k-1). For if not, then there exists a strictly ascending chain of subgroups of R (say) 
I, & <... (I) such that R! cI, c В! (j = 1, 2, ...). Taking right annihilators of (1), we 
get ги) 2 rel) 2 ... (Ш). Here B, = ғ.(І) is an ideal and since R* = 0 so ВА = 0. Now 
ВАМ = 0 => BB*'M = 0 = Bj с Ann,(B*'M), (Vj). By hypothesis, (Апп,(В/-1М)) has 
a minimal element (say) Аппь(В 1M). Since by amsc Алл,(В, 1M) is simple as group, В, 
= Ann,(B,*'M) as Вп с Апп,(В, ІМ). Clearly, B, = В, for B, = Аппр(В, ІМ) 2 Вал. 
Hence R satisfies the d.c.c. on its right annihilators and so by [c], R* satisfies the a.c.c. on 
its subgroups. Therefore for the chain (Т), we have an n e Z* such that I = La] аке Thus 
the maximum condition is satisfied by the subgroups of №? lying between КЇ and А! (i =1, 
2, .., k-1). It follows that А/К! satisfies the maximum condition on its subgroups for 
i= 1, 2, ..., k-1. Hence by Lemma 2.2 (vii), R* also satisfies the a.c.c. on subgroups and 
therefore А+ is finitely generated // 


It is easy to see 


Corollary 3.1.5. If R is nilpotent satisfying the a.c.c. on its right annihilators with the amsc 
together with the condition [c], then R* is finitely generated.// 


Theorem 3.1.6. If R is nilpotent with the amsc satisfying the a.c.c. on its right annihilators, 
then R* satisfies the d.c.c. on subgroups. 
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Proof. R being nilpotent, АЁ = 0, RF! + 0, for some k € Z*. If C is a subgroup of Е? such 
that АН œ C c А! (i = 1, 2, ..., #1), then С is an ideal of В. We claim that the minimum 
condition is satisfied by the subgroups of Rt lying between №! and R'*l. If not, then there 
exists a strictly descending chain of subgroups of R'(say) С, > С, > .. such that R^! c 
Gj c RÌ (j = 1, 2, ...). But RF = 0 gives G^ = 0 (j = 1, 2, ...). Therefore б, c 19061) as 
GG = GF = 0. Аз G,, G,, ... are ideals of К, so are also 67, 67, ... Therefore 


J 
{1 AGE} is a collection of left annihilator ideals of R, giving thereby a minimal element 
(say) 1,(G,,*!). So by amsc, С, = 1,6,1). Therefore С, = С, = ... etc. Hence the 


minimum condition is satisfied by the subgroups lying between А’ and ВН! (i = 1, 2, ..., 
k-1) and therefore the group КУКА (i = 1, 2, ..., k-1) satisfies the d.c.c. on its subgroups. 
Hence by Lemma 2.2 (vii), the group R* satisfies the d.c.c. on its subgroups.// 


3.2. ADDITIVE GROUP STRUCTURES OF GOLDIE MODULES 


Theorem 3.2.1. If R satisfies the a.c.c. on right annihilators of its subsets and M is a Goldie 
module such that М and R both satisfy the amsc, then the group М is a direct sum of a number 
of copies of the additive group of rational numbers, a number of copies of additive finite cyclic 
groups and a finite number of quasi-cyclic groups. 


Proof. Since R satisfies the a.c.c. on its right annihilators so it satisfies the d.c.c. on its left 
annihilators. Hence the collection {1,(R[p]) |p = 1, 2, ...} has a minimal element, (say) 1 ,(R[n]). 
Again by Lemmas 2.2(i), 2.2(11) and by amsc, we get nR = 1 (К(п)) (= B) (say). We have 
zB с B (for z e Z^). Hence zB = B and so the additive group В+ of В is divisible. By Baer’s 
Theorem, we һауе R* = В" Ө Н, for some subgroup Н of R*. We get nH = 0 (as nR = В). 
Again М being Goldie, R satisfies the d.c.c. on annihilators of subsets of R in М. Hence the 
collection (Аппу(К[ој |a = 1, 2, ...} has a minimal element (say) Ann, (К[р]). Now we have 
РМ = Ann, {R[p]) (= D), by Lemmas 2.1(i), 2.1(ii) and by amsc. But zD c D, for any z € 
2". Hence zD = D, giving thereby D is divisible. We have by Baer's Theorem, М = D Ө I, 
for some subgroup J of М. As pM = D, we get pI = 0 and so by Theorem II 1.8. [6], I is 
a direct sum of a number of copies of finite cyclic groups. We know by Theorem 23.1 [3] 
that a divisible group is a direct sum of quasi-cyclic group C(p%) (= {r/p" + Z|p, a prime, 
r, n € Z}) and full rational groups. We claim that the number of quasi-cyclic subgroups С(р“) 
which are direct summands of М is finite. Now if a (є D) is of order m (and so ma = 0), 
ге R, we have r= b + А where БЕ B* and h Е Has Rt = В+ ӨН. Since B* is divisible, 
for b e В” and for m є Z* there exists b’ є В such that mb’ = b ...(i). Again a Е D and 
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D is divisible, so for n € Z* there exists d є D such that ла = a ...(ii). Now, ar = a(b + h) 
= ab + ah = a(mb’) +.(nd)h [by(i) and (ii)] = (ma)b’ + а(оћ)=0.5'+а.0 [nH = 0, so nh = 
0, Vh є Н] = 0. Thus the elements of finite orders in D are annihilated by the elements of 
К. Therefore the torsion part of D is contained in Ann, (К). And hence it is a submodule of 
M. Clearly C(p9) is a subgroup and since its elements are annihilated by the elements of R, 
it follows that C(p*) is a submodule of M. Also from above it follows that the sum Ө C(p%) 
is annihilated by R and we get thus © C(p9) is a finite sum, otherwise M will have an infinite 
direct sum of submodules, contradicting Goldie character of М.// 


We easily see the following : 


Corollary 3.2.2. In the Goldie module M where R satisfies the a.c.c. on right annihilators of 
subsets of R as in the above theorem 3.2.1, then the quasi-cyclic subgroups of M belong to 
the annihilator of R. 


Corollary 3.2.3. If R be a right Goldie ring with the amsc, then R* is a direct sum of a number 
of copies of the additive group of rational numbers, a number of copies of additive finite cyclic 
groups and a finite number of quasi-cyclic groups. 

Corollary 3.2.4. In the right Goldie ring R of Corollary 3.2.3, the quasi-cyclic subgroups of 
R belong to the annihilator of R. 


3.3. GOLDIE MODULES WITHOUT QUASI-CYCLIC GROUPS 


Theorem 3.3.1. If R satisfies the a.c.c. on its right annihilators, 1 € R, M is Goldie such that 
M and R both satisfy the amsc, then the group M is a direct sum of a number of copies of 
the additive group of rational numbers and a number of copies of additive finite cyclic groups. 


Proof. As in Theorem 3.2.1, we get M = D G I where D is divisible and J is periodic subgroup. 
The group D, being divisible, is a direct sum of quasi-cyclic groups (r/p" + 2 | p is prime, 
r, n € Z) and full rational groups. But quasi-cyclic subgroups of M belong to the annihilator 
of R, by Corollary 3.2.2. It follows that quasi-cyclic subgroups are trivial as 1 € R. Thus M 
is a direct sum of a number of copies of the additive group of rational numbers and a number 
of copies of additive finite cyclic groups.// 

We easily see 


Corollary 3.3.2. If R is a right Goldie ring, 1 е А with the amsc, then R* is a direct sum 
of a number of copies of the additive group of rational numbers and a number of copies of 
additive finite cyclic groups. 
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Theorem 3.3.3. If R satisfies the a.c.c. on right annihilators of its subsets, 1 е R, М be fully 
Goldie module such that M and R both satisfy the amsc, then M is a direct sum of a torsion 
free Goldie module S and a finite number of Goldie modules T,, belonging to different primes 


р; (in other words, М = 5 ® T, „© Тн) 


Proof. As in Theorem 3.3.1, we һауе М = 5 Ө Т, where 5 is a number of copies of ће 
additive groups of rational numbers and T is the torsion part of M. As this torsion part of 
M is a submodule of М and it is the direct sum of Ив р® components D. which are submodules 
of M. The module M being Goldie, only a finite number of the p' components are different 
from 0’s, otherwise M will have an infinite direct sum of submodules, contradicting the Goldie 
character of M. Thus M = 56 Т € .. € Ton where T= Т Ф... ӨТ. Then 5 is isomorphic 
to MIT, a homomorphic image of M and M being fully Goldie, it is again Goldie. Further 
it is torsion free. Since each of T is a Goldie module so M is the module theoretic direct 
sum of torsion free Goldie modules and a finite number of Goldie modules 7 pl 


It is now easy to see 


Corollary 3.3.4. If R is a fully right Goldie ring, 1 е R and R satisfies the amsc, then R is 
a direct sum of a torsion free right goldie ring S and a finite number of right Goldie rings 
Ты belonging to different primes р, (in other words, К = 5 Ө T, Ө..Ө Ton) 


Theorem 3.3.5. If R satisfies the a.c.c. on its right annihilators and M is Goldie such that 
M and R both satisfy the amsc and annihilator of R is Noetherian as a right R-module, then 
M cannot have any quasi-cyclic subgroups. 


Proof. As in Corollary 3.2.2, quasi-cyclic subgroups of M belong to the annihilator of R. If 
В is a subgroup of Ann, (К) and b € B (C Ann, {R)), then bR = 0 с В and so every subgroup 
of the annihilator Апп, (К) is a submodule of it. The annihilator Апл, (К) satisfies the a.c.c. 
on submodules, as Ann,{R) is Noetherian as a right R-Module. Now suppose M contains a 
quasi-cyclic subgroup. But we know that a quasi-cyclic subgroup does not satisfy the a.c.c. 
on its subgroups and every subgroup of Ann,{R) and hence a quasi-cyclic subgroup of M is 
a submodule of Ann, (К). Therefore Ann,{R) does not satisfy the a.c.c. on submodules which 
contradicts the Noetherian structure of Апл, (К). 


Hence M cannot have any quasi-cyclic subgroups.// 
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3.4. ADDITIVE GROUP STRUCTURES OF GOLDIE RINGS 


Theorem 3.4.1. If the left annihilator A of a right Goldie ring R be such that A satisfies the 
amsc and the a.c.c. on right annihilators of subsets of A and also the condition [c], then the 
group A* is finitely generated and A is a right Goldie ring. 


Proof. We have 1,(R) = А. Now A? = AA с AR = 0. Thus A is nilpotent. If S C A, AS(AA 
= 42) = 012, А С! RCS). By hypothesis, {1,(S)|S с A} has а minimal element (say) 1,(5). 
Since by amsc, 1,(S) is simple as group, A = 1 p(S) as Ас 1,(S). Hence the minimum condition 
for left annihilator of subsets of A is trivially satisfied. If В is a right ideal of A, BR (GAR 
= 0) с В and so B is a right ideal of R. Thus a right ideal of A is a right ideal of R also. 
And R being right Goldie, A cannot have an infinite direct sum of right ideals. Therefore A 
is a right Goldie ring and result follows from the Corollary 3.1.5.// 


Theorem 3.4.2. If the left annihilator A of a right Goldie ring R be such that A satisfies the 
a.c.c. on right annihilators of subsets of A and also satisfies the amsc, then the group 47 satisfies 
the d.c.c. on its subgroups and A is right Goldie ring. 


Proof. As in Theorem 3.4.1, the left annihilator A of R is a right Goldie ring and is nilpotent. 
Therefore the result follows from Theorem 3.1.6.// 


3.5. SOME CONVERSES 


Theorem 3.5.1. If (4,*) be an abelian group such that it is a direct sum Ө 0 Ө CP ог 
a number of copies of the additive group of rational numbers and a number of copies of additive 
finite cyclic groups where рт, (т є 2), then there exists a Goldie ring R such that Rt 
= А. 


Proof. The first summand of A is a direct sum Ф О of copies of the additive group Q of 
rationals and Q is a Goldie ring with 1. The second summand of 4 15 a direct sum ® C (PR, 
(pm, m is an integer) of number of copies of additive finite cyclic groups. Each СР) 15, 
а direct sum of finite cyclic groups of some prime power order př. Now by Lemma 122.3 
[4], there exists an associative and commutative ring with 1 on each ср) with a finite numbers 
of ideals. Hence each of these rings is a Goldie ring with 1. Thus ® CP) is a Goldie ring 
with 1. Therefore R is a Goldie ring with 1 such that R* = A// 


Theorem 3.5.2. If (A,+) is an abelian group such that it is a direct sum 7 Ф С where 7 is 
a bounded group and C is a torsion free group admitting a Goldie ring structure with 1, then 
there exists a Goldie ring R such that R* = А, 
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Proof. Since Т is a bounded group, we have ап т e Z* such that mT = 0, so by Theorem 
П 1.4. [6], 7 is of the type T= Ф ce, kim. It follows from the proof of Theorem 3.5.1, 
that T can be given a Goldie ring structure with 1. Since C also admits a Goldie ring structure 
with 1, we then see that there exists a Goldie ring R such that R* = 4.// 


Theorem 3.5.3. The zero ring over any finitely generated additive group G is Goldie. 


Proof. Let G = <g,, Zz, ... &,> and R be the zero ring on С. Now by the converse of Proposition 
126.1 [4], the zero ring on С is Noetherian and hence the ring R is Goldie by (page 8, [1])./ 
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ON A SP-SASAKTAN MANIFOLD 
B. Prasan AND В. KUMAR 


ABSTRACT : In the present paper we have studied an Т-Еіпвісіл sp-Sasakian manifold. Some properties 
of curvature tensor of a semi symmetric non metric connection in an sp-Sasakian manifold have been 
also discussed. 


_ 1. INTRODUCTION 
Let M" be an n-dimensional C*—manifold. If there exists іп M" a tensor field of type 
(1, 1) consisting of a vector field Ё and 1-form n іп M" satisfying 
ФА) = Х- 1(95, ФО = 0, 10) = 1. (ПЛ) 
Then M is called an almost para contact manifold. 
Let g be the Riemannian metric satisfying— 
100 = g, 9, NOX) = 0, BOX, OY) = g(X, Y) – то. e (1.2) 


Then the set (ф, 5, N, g) satisfying (1.1) and (1.2) is called an almost para contact 
Riemannian structure. The manifold with such structure is called an almost para contact 
Riemannian manifold [1]. 


If we define F(X, У) = g(6, X, Y), then in addition to the above relation, the following 
are satisfied— 


F(X, Y) = КУ, X) ... (1.3) 

FOX, OY) = F(X, Y) ... (1.4) 

If in M? the relation 

(VymY – Муре) = 0 .. (1.5) 

(mX, Y) = 0 i.e. ņ is closed. ... (1.6) 

VX, 2) = — g(X, Zm(Y) – aX, YMZ) + MAMOM e (1.7) 
VM) + Wy) = 2605, Y) | .. (18) 


and (V,&) = ФО) ... (1.9) 
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hold good then (М”, g) is called para-Sasakian manifold or p-Sasakian manifold where 
V denotes the Riemannian cannection іп M". 


Further if in (M”, g) the following relation also holds good 

VAN =-8% Y) + тт ... (1.10) 
along with (1.1), (1.2) and (1.9), then it is called sp-Sasakian manifold [1]. 

Іп sp-Sasakian manifold М”, the following relations also hold [2] 

(а) "АХ, У, 2, 5) = g(X, 2000 – er, 2100 ~ (1.11) 
where ‘R(X, У, 2, W) = g(R(X, Y, 2, W) uu 

(b) RY, Y, 5) = поду - (DX 

(c) SX 5) = Xn - In; 

R and S are the curvature tensor and Ricci tensor respectively. 


The D-conformal curvature tensor B(X, У, Z) іп sp-Sasakian manifold M" (n>4) is defined 
by ([3], [4]) as follows 


ВО, Y, 2) = RX, Y, 2) + — "E ISX, DY - S(Y, DX + g(X, ДОУ 
- &(Y, 2ОХ- SX, ZME + SO, ANKE — nQ0n(G2QY + n(YmO20X] 
X [2X ANNE - eY, 21005 
* 22 - nm] | „ (1.12) 
r+2(n-]) 
n-2 





where К- 


and S(X, Y) = ОХ, Y). 
If the Ricci tensor S(X, Y) satisfies the relation 
SQGY) = (+ Dg Y) - (E +n MAMY) .. (1.13) 


then the manifold M” is called an n-Einstein sp-Sasakian manifold M”, and the 
D-Conformal curvature tensor B(X, Y, Z) reduceds to the tensor field U(X, Y, Z) given by 
(131 [4]). 


_r+Xn-1) r+n(n-]) 
U(X, Y, 2) = RX, У, 2) + (n-1)(n-2) 1-2) [s(X, DY - gY, 2А] - (n-1Y(n—2) 


[60 DNE - g, 21005 + nny - ПТ - (1.14) 


ON A SP-SASAKIAN MANIFOLD 53 
Finally іп n-dimentional sp-Sasakian manifold we have [5] 
(div B\.X,Y,Z) = 25 B(X,Y,Z), ... (1.15) 


where B(X, У, 2) = VSO, 2) - (Уұ5ХХ, 2) – MDS, 2) - NS, 21 


+ (zem. MOLE, 2) - XQ, 21- Zu, (80, 2 ~ Пеано 
- (80, Z) - XD} 400) .. 116 


A semi-symmetric non-metric connection V in an almost para contact metric manifold 
M" can be defined as in [6]. It is given by 


VyY = VyY + NOX — 2% NE — «(ОУ - (ИХ zt 
where т and a are 1-form associated with the vector field & and A on M" given by- 
atx, А) = a(X) 
g(X, 5) = 10) 


2. n-EINSTEIN SP-SASAKIAN MANIFOLDS 
Theorem 2.1. In an -Einstein sp-Sasakian manifold, 


"ДХ, Y,Zt)-0 .. (2.1) 
"ХА, Y, Z, - "2, W, X, Y) = 0 20235) 
"U(X, Y, Z, W) + 'U(X, Y, W, 2 = 0 03) 
U(X, Y, 2) + UY, Z, X) + UZ, X, Y) -0 .. (24) 


Proof. Form (1.11) and (1.14), we get (2.1). Similarly the other results can also be proved. 


Theorem 2.2. An n-Einstein sp-Sasakian manifold satisfying the relation R(X, Y, U) = 0 is 
n-Einstein flat, where R(X, Y) is considered as derivation of the tensor algebra at each point 
of the manifold for tangent vectors X, Y [7]. 


Proof. we have 
(R(X, YJU)Z, W, V) = RX, Y, UZ, W, И)) – URC, Y, 2), W, V) 
~ U(Z, R(X, Y, №), V) - U(Z, W, R(X, У, V)). w (2.5) 
Let us suppose that in Sasakian manifold. 
R(X, Y, 0) = 0. ... (2.6) 
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Then from (2.5) and (2.6) we get 

R, Y, U(Z, W, У) - (КО, Y, 2), W, У) – UZ КС, Y, W), V) 

- U(Z, W, R(X, Y, V) = 0 (2.7) 
Putting X = & in (2.7) we get 

КЕ, Y, U(Z, W, V)) - URGE, Y, 2), W, V) – ЦЕ, RE, Y, W), V) 

- (Е, W, R&,Y,N)=0 ... (2.8) 
In view of (1.11), (2.1) and (2.5), (2.8) reduces to | 
"2, W, V, NE — n(UZ, W, VY – Y, DUW, 5, У) + n(ZUQ, W, V) 

— 8(Ү, W)UG, 5, У) + n(W)U(Z, Y, V) - e(Y, NUZ, И, 5) 

+ n(YUZ, W, У) = 0 ... (2.9) 
Using (2.1), (2.3) in (2.9) we get, 

‘U(Z, W, V, YE + т( ОҚУ, W, V) + n(W)UG, У, У) + ТРИ, W, Y) = 0 


... (2.10) 
where 'U(Z, W, V, Y) = g(U(Z, И, V)Y). 
Again putting V — 5 in (2.10) and then using (1.1), (2.1), we get 
U(Z, W, У) = 0 for all vector Пеја 2, W, У. 
3. SP-SASAKIAN MANIFOLD WITH DIV B. 
Theorem 3.1. In an sp-Sasakian manifold 
(div B) (X, Ү, 6) = 0 . (3.1) 
(div B) (X, Y, Z) + (div В) (Y, X, Z) = 0 ... (3.2) 
(div B) (X, Y, 2) + (div В) (Y, Z, X) + (div В) (Z, X, Y) = 0 ... (3.3) 
(div B) (X, Y, Z) + (div B) (Z, X, Y) - (div В) (2, Y, X) = 0 ... (3.4) 


Proof. put & for Z in (1.15) we get 
_ div B) Qc, Y, 8) = (2-3) Bax, y, &) 
which gives on simplification, we have 


(div B) (Х, Y, 2) = (452) V90, 9 – WN 5) .. (3.5) 
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Now (У,5) (Y, 5) = УХУ, 5)) – SW xY, 5) – SY, Vy) ... (3.6) 
Using (1.9) and (1.11) с. in (3.6), we get . 

(V.S), 5) = – (л - NV WH) - ЖҮ, 9%. ТЕ) 
By virtue of Ф(Х, Y) = (У ,nY(Y), equation (3.7) can be put as 

VSC, 5) =- (n - 1)ф(Х, N – SAX, Y)  Q.8) 


From (3.8) and (3.5), we get — 


(div B) (Х, Y, &) = (2=4) [5(Х, ex) - sex, YI 
i.e. (div B) (X, Y, 2) = 0 which proves (3.1). 
With the help of (1.16) we can obtain (3.2), (3.3) and (3.4) respectively. 


4. CURVATURE TENSOR 


Let R and R be the curvature tensor of V and V in an almost para contact metric manifold. 
In view of (1.17) we have from [6]. 


R(X, Y, 2) = R(X, Y, Z) – оцу, 2X + X, DY – g(Y, 20Х + g(X, 20Ү 
~ 2da(X, NZ + BY, DX – RX, DY. | ~. (4.1) 


where o(Y, 2) = g(QY, 2) = Vy -IMZ + ng, 2). 


OX = V4U - (XU + ИХ 

and B(Y, 2) = (Vya)(Z) - а(Ул(2) + a(Y)a(Z) - n(Ya(Z) + a(U)gtY, 2). 

From (1.10) and (4.1), we have 

‘R(X, Y, Z, И) = ‘R(X, У, 2, W) + g(Y, DeX, W) - g(X, De, W) 

— а(Үуп(2)2(Х, W) - n(Y)a(Z)g(X, W) + a(Xy(Z)g(Y, W) + пода а(у, №) ... (4.2) 
where ‘R(X, У, Z, W) = ЖҚХ, У, 2), №). 

Contracting (4.1) w.rt. X we get 

SQ, 2) = SO, 2) + (n - De, 2) – (п - DaQ)n(2 — (п – Dna, ... (43) * 
where 5 and 5 are the Ricci tensor У and У respectively. 

Also F = + (n — Па - 2), ... (4.4) 


where r and ғ are scalar curvature of the connection У and У respectively. 
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Theorem 4.1. If in an sp-Sasakian manifold the curvature tensor of a semi-symmetric non- 
metric connection vanishes, then the manifold is projectively flat. 
Proof. Since R(X, Y, Z) = 0, So (4.2) gives 
R(X, У, 2) = gX, DY - gY, DX + a(Yym(ZX + n(Y)a(Z2X – ANY 


– 1()а(2)7. ... (4.5) 
On contraction, we get 
SY, 2) = – (n - D8, 2) + (n - Ya(Yn@) + (п - 1упођа(2). ... (4.6) 


From (4.5) and (4.6) we get 


RÆ, Ү, 2) – ү (50, 2X – SX, 20 = 0 


or, P = 0, 
where P is the projective curvature tensor of the manifold M" [7] defined as 


PUY, Y, Z) = RÆ, Y, 2) - — 180, 2x - 55, ZU. 


Theorem 4.2. If in an sp-Sasakian manifold, the Ricci tensor of a semi-symmetric non-metric 


connection У vanishes, then the curvature tensor У is equal to the projective curvature tensor 
of the manifold. 


Proof. Since 5(У, 2) = 0 then equation (4.3) gives, 


800, 2) = - 5, 2) + «(Үл(2) + п(0)4(2). ~ (4.7) 
From (4.2) and (4.7), we have- 

R(X, У, 2) = Р(Х, Y, 2), 

where P is the projective curvature tensor of the manifold. 


Theorem 4.3. In an sp-Sasakian manifold, the projective curvature tensor of a semi-symmetric ` 
non-metric connection У is equal to the projective curvature tensor У of the manifold. 


Proof. From (4.2) and (4.3) we get 
RÆ, Y, Z) = RX, Y, D+ FSH, 2 - SO, DX - БО 2) – 5(Х, РУ 
or, RÆ, Y, D 1180, 2X - S, DY = RU Y, 2) - GEIS, 2Х- SX, DIY 


or, P(X, У, 2) = Р(Х, У, 2), 
where P is the projective curvature tensor of the manifold. 
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Theorem 4:4 An sp-Sasakian manifold with semi-symmetric non-metric connection У gives 
the following identities. 


RX, Y, D + RO, 2, Ху+ RZ, X,Y = 0 ... (4.8) (a) 
R(X, У, Z) + КҮ, X, 2) = 0 -. (4.8) (b) 


Proof. Using Bianchi's first identity (4.2) gives (4.8)a, and (4.8)b, respectively. 
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MULTIDIMENSIONAL LAGUERRE TRANSFORMS 
| В. С. $мсн CHANDEL AND S. S. CHAUHAN 


ABSTRACT : In the present paper, we introduce multidimensional Laguerre transform to present its 
certain interesting applications to the theory of generalized multiple hypergeometric functions of several 
variables including multivariable H-function of Srivastava and Panda [11, 12]. The various operational 
formulas thus obtained are believed to be new, these results may be useful in deriving new and known 
properties of special fimctions involved. In the last section, we shall also introduce another 
multidimensional Laguerre transform to derive interesting results. 


1. INTRODUCTION 


Chandel [1] introduced multidimensional Laplacian oprator to give integral representations of 
Lauricella’s multiple hypergeometric functions of several variables [9]. Chandel [2] further used 


this operator to give integral representations of multiple hypergeometric functions d EQ and 


Ep. of Exton [7, 8]. Further Chandel and Dwivedi [3, 4] introduced multidimensional 


Whittaker transforms of Lauricella's multiple hypergeometric functions [9], Exton [7, 8] and 
generalized multiple hypergeometric function of Srivastava and Daoust [10] (also see Srivastava 
and Manocha [14, p. 64 (18), (19), (20). Recently Chandel and Kumar [5] have made 
applications of above multidimensional integral transforms to derive the results involving 
Srivastava and Panda's H-function of several complex variables [11, 12]. 


In the present paper, making an appeal to the result due to Erdélyi et. al. [6, p. 292] 


(<)”Г(р—-@+1)Г(р +1) 


9 р 2—2 (0) 2 
Jy 2Pe "Ly? ous np- an+] 


, Re (р) > – 1 
We introduce multidimensional Laguerre transform defined by 


day екеу C @=т+ ү а о та) 
әні T(B — о + Yit.. +Y E + yis У ОГ)... ГСул) 
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pone Gis, Pah xt р.) )dx,...dx,, 


where Ве (В — а — m +Y; +...+Y„) > 0; т, n are arbitrary positive integers Ке (ү у) > 0, 


j=1,. 


„л, 


and present its certain interesting applications to the theory of generalized multiple 
hypergeometric functions of several variables including multivariable H-function of Srivastava 
and Panda ([11], [12]; also see [13], p. 251). The various operational formulas thus obtained 
are belived to be new and may be useful in deriving new and known properties of special 
functions involved. 


In the last section, we shall also introduce another generalized multidimensional Laguerre 
transform to derive some interesting results. 


2. APPLICATIONS OF MULTIDIMENSIONAL LAGUERRE TRANSFROM. 
In this section, as applications of Laguerre transform, we obtain the following results: 


ery А 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


дер) (1... жи} = 


(В -а+ү+...+ Үлт. em (BEY LT улуту. ть QD (Yn mq 
(B—- a -m-vy +...+ Y n)my e. mg (Y, +...+ Tn) my. m, 


EOP RB –а— тур YupB- @ +71 +...+ Уп; шх +...4 und} 


= FB HY ++ Т Yi +-+ Үл; ness Yni Ulun) 


Khi FQ +... Yn B-A +Y tt Уи; их tet шахр) 


= FB + yit Ys Yi- Yni В- € — ту +...+ yuiu seus) 


о, » 
ЦВ") ORY, PP BEY fe Yo ug ысы 


= FY, Pat Т, FB Үр Te Pan Ба ne), 
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(2.6) rd F(g-a-m*tY,t.t*Ys Bt Y +... + Т их totus) 
SOR a жы Y ET Eds 


(В-@+үү+...+ү„ Этү+.„.+т„(В+үү+..+ү„ )т +. bitty 


(o, B,m) т|+..+т = 
27) LI, lorem) n} (p-e-mey toos cem, 


(2.8) LEO (By... BaB- at Nr изя), а(н) 

= ЕТ (В TOY + Yp Boo Ba B-A- m+ Y +. t Team): 
(2.9) Коб SAD (By... Bus ++. +Y git Gries а), n(x: ха) 

= FOB = YU t. tY Bpo BB тв FF): 


(2.10) ИС -а rt s Un (жү. А) 


= Fg = Yo ue Yp BEY to t i Ро pet 
(2.11) дзн Bae] 
i=l 


= F LB - а + Үү +... жү, BY Pact VB Ра У 


и +... + au, 


3. SPECIAL CASES 


Case (a) For ß = о, we derive 


3.1 Le DM = (a + Vite ta тыры. Ат, (m © (Yn) my 
81) пл " (pt ty TD). emo 


(3.2) Do p ыт) [exp (ux ug XR ) 
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= OG Кере Veale Ted ТЕ d: 


G3) Дот) rn m m Biss Basta) 


= F( (a + Үү +. + Yp cH anys Boo Ba pants), 


(3.4) I ay... E tp 
= Е(а+у,+..+ ү; ТҮ, FAT m ujta +u) 


(3.5) Et = BY oes VM nn) 


= [1 — (uj... t yr eem 


(3.6) Деме Or sco os + Nr un 


= Ff (Bis Bp Vows tas Yi + ae + Yn = M; eat) 


(3.7) LOM uy (yp. Үл — m; BB uxt.. gx ug Xp te иарх). 


k 7 
= (BE (+ Y, +... + Yp Трећа В, BS Myst 
(3.8) Iro Lo; (B, В’; + Yt. У iux ou XE Ија Xe p e Ug )} 


k , 
= (EB (BBS Троа Тре, — т; ш.ш), 


(о,0,т) | ТТ (=D 
(39) Ly, Hue can 





_ Тр С) 5o) 
= П), Рр (GAY у Mss yi VF У —т;уиу,...,и„) 
(= 
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and 
(510) (амын) 606 ут Љу mbe, Yett Tutto) 


=) € (a+y +.. љуље, Ype Yki Ulun) 
Case (b) For B = 0, we derive 


3.11 оОт)ј] m т (Yit. „- 0) қ.т, (Пт (Yn) rq 
Gi) добит mm) we STET Da mpm Пл Ame 
Іп (Yit. +Yn = 0 — т)ту+.. +т„ 


(3.12) LOO (Bs... Buys tn — Senn} 
= FEP is Bm Yin Vt Yo тв ма), 

(3.13) еле WY Ort An a Br Bac, sug] 
= ЕО (у... = O, Y, Yn Ваз И), 

(3.14) KOO WO y e. y, 0. — MEY see Yt stt 
= [1- (up rus “тт К, 


(3.15) Д) (o F (үр. An ои +. ugs) 


= of" (v... Gm Vp te Y, 7 € mu... us), 
(516) LAW fexp(uyry+..cttnxn)} 
= FQ yy. жү, - у Ym Y py НУ, Mills, Un) 


0, , 
(3.17) D. ту (үр. Та -a – т; В, В’; мух +. ux p up Хр te. Ниихи)} 
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E ЕС) (руту оу о Y В.В 


3.18 150, т) 6. (B, Ву Рур = Ost xy te. Љирхр Hg Xp ила) 
Ti Yn 


=} EQ? (B, Ву Yu Vite у TQ T miu, esu), 


(3.19) go [ше (ux; ) 


E Ff rss Ну = 057m ui Yes Mn). 


4. APPLICATION TO MULTIPLE HYPERGEOMETRIC FUNCTION OF 
SRIVASTAVA AND DAOUST 


In this section, we derive the following multidimensional Laguerre transforms involving 
multiple hypergeometric function of Srivastava and Daoust [10, 14] : 


Kom) PAB 0 (9... eo уе. 4 hob 
CD hi | спорт суу, v аб. (aa | 


, (n) 
и хы u yon )}= ҚЫРУАР АҒАДЫ (е; Ө”,...,Ө | 
Шы cM D 7 2. 


[B-a t yt. уд бре Sab [B+ vp Ни: Spo Eu] 
[B- o — m yp У Ер» а} Тун роба] 


( Бф bin: Ey}... | oo Er, En} 
[46] с [(a} юр o" 


(4.2) 


(4.3) 
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where Re(B — & — m t Y, +... + Y,) > 0, m, n are any positive integers, 


c DD ев 
Re(y)» G1-E; + Dw!) + У 80 – Yo – Y oO > о =, 
ігі j=l Е jl 


opm) | рав p (зе... Eok A | 
Yı-Yn || CD';.; DO? [co Ма vas... (a0) 3 | 


Uy (ћи Св х)" ) 


— pA) B0 [«xe^.., e] 
С сир DO О! 


[В-о+тү;+...+үл:ть..„п [В+үү+...+ү„:т,...,т\„} 
[B- o. —m e 1+... Нить. nau] 

[6:6 (6 ko |; | 

Газ. Даве 7 > 


where Re(B-Q—m+ Y, +... + Y,) > 0, m, n are any positive integers, 
C pU... A4 1. m А 

Re(y;)> 017n, + DYY + У 60 - Yo - У 9 > i1, 
j=l j=l j=l j=l 


p P a i NT (xy. x, ҚЫШ \ 
(B + Yit. 7 0), Ean eom Ep ep Bt Yr Үлде enm En па) 


Qm, (Vn ng, 
(B+ Yit У 7 7 т), (Е, enam, (En ttn) VI An љу +t tigen 
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and 


авт) | AB p [we }[or-07}-[()-0 | 
(44) рит | сауыр) (СОТЫ aya (a):8 | 


ux?! Kr, u„xon (хү+..+хь„)'" ) 


_ PATB +; B+ [e8] [B-- yrs. +n — oc; enis Es +) 
CHED; (Әу }[В+үг+-+ү„ – 0.— т: cn... 5, nh 
[B Yıt---+Yu:81 РТ т НФ: 5.10000) 90 |а, 
[yi tt роби] [438] — ("ув 


em 


provided that Ке(В — & — m + Y, + + Ya) > 0, т, п аге any positive integers, 


с УӘ) -—— BO | 
Ке(ү;) > 0 and 1—(E; +ni)+ ууф + У a0 — yo? = of? >0;.1= јап. 
AC мо о мо ој 
5. APPLICATION TO MULTIVARIABLE H-FUNCTION 


OF SRIVASTAVA AND PANDA. 


In this section, we derive following multidimensional Laguerre transform involving 
multivariable H-function of Srivastava and Panda [11, 12]. 


КаВт) Мо) (axe... e] [5:9]. (Әу) 
(1) “тїп св. B,D] [мм (ёш; (4:8 |, 


ux?! (x) +. +)“ " оихо" (xt. iex) )} 


MULTIDIMENSIONAL LAGUERRE TRANSFORMS 67 


» T(B—a-m- yy. у E (114-47 n) 0, y+2(p', v+); +) 
T(B—o - y,2.. Љу ЈРВ tT ул )E (vi)... Сул) A+2,C+2[B',D Ip] B,D] 


(з9.....ө%), П-а-В-ҮТі---Үу:51 +N 0035p tn] 
[осу нот В зт, N бр + Пиј 


[Bad Ne} -yka 
[1- *1—. у вреба] ay] ;...; (ауз); 


tot | 


provided that Re(B- & -m + Үү, +.. + ¥,) > 0, Re(Y,) > 0, 5, 1, are any positive 


numbers, m is positive integer, and lrgu|« 24, 


where 
4 0 MO) DÒ 
- Yo +EP- X 6 -FyO+'Sao- 5, 920 а dn, 
уы Ј=1 =v) 41 Ј=1 j=l jan + 


6. ANOTHER GENERALIZED MULTIDIMENSSIONAL LAGUERRE TRANSFORM. 


In this section, we introduce the following new multidimenssional Laguerre Transform : 


(Be te CD I nylT(v;- B; nj) 
L сте САН gc gu 
(61) yy, і) u T(v; - Bj)r(v;) 


_& j р 
Гар 2 (ји owe "fritas. Hal)” DH ds eds) 
j= 


{ }dx)...dx,, 
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where Re(Y,) > 0, ReCY, - В, - п) > 0, n, € № j= 2a 


al of .. ol 
2 2 

and K= 02... 0, #0 
af af .. ал 


Here we derive 


А 


т т, 
(6.3) дивили ден „(ахун онх) ' 


P “Үп 
„нео (т), 
ја (1; =B - у] | 
(Вп Bim. wi) | prs. во) [(a:67,....0]: [9:0 [eo], 
(64) “Yen C^. D? [ ору, sw] [ја 8l... а) $9 


1 1 51 п n En 
| uu (ores pg) sti [01] хр. ола.) 


_ рава, 28002 [tox e,,.. 2609) (ы bln - ВЕ уе -s 
сауы (е ):w^. м [45 у - By — т:51];...; 


[(5®}ө® vn - Вав Ens En] 
(а) во |, [Yn -Bn љуба] — 
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provided that Re(Y,) > 0, Re(Y, - В, -п) > 0, п, Е М, 


су В А 2 BA 
1-& Sw) + Y, 50 – $00 E 9 >0i=L..,n, 


је! jel мр ja 
a ab .. а, 
2 2 2 
a а 
and К = |1 92 п |20 
af a5 ол 


(6.5) (Bi. Ва nsi KR) Po.) (өе....ө% | fee... (0 o™ | 
i; In сір [869,0 [oov E ns... | 


1 1. \ё n n, Yn 
uox eos) grey (о x +..+072,) 


METRE vO 42 [caver Ты) $1, 
acla UE [ру vol 4); 5], 


[1 “Түү ВЕ — үре (09 ye? [ft – Yn + 8,:5,] [1 аы уби 
[П-ү +B, + nij]; (48 |f -Yn +Bn + nues] 


Ију иу 


provided that Re(Y;) > 0, Re(Y, — B; — n) > 0, n, Е М, larg uj < DA, 
where 
уф 20 po 


AC С uo 
i i 
A=- à 60 + уФр- Y 90-0 50 - у, 5050-14 
ју мо Фи j=l J= jap Oat 
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(6.6) 


(6.7) 


(6.8) 
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од об On 
2 42 2 
а a 
and К-|% 92 "| +0 
Of 02 .. On 


Special Cases 


Pu ВП ћу Ж) 
ҮрезҮп 


ШЕ -Вь. Yn = Бала (exit. ox). tn (o жаль) 


== ro (a, Тә, Yus Y, "T В, = пр Y, Zu В, - n, Us.) 
provided that |u,| + ... + |u,| < 1 and all conditions of (6.1) are satisfied. 


AK 1 1 
ел п [yP (an. ува (аи. reden) (ers) 


== FM (a, Ta Id Biss, Ы Б, Yi m B, = пуз = В, — ny и-и), 
valid if all conditions of (6.6) are satisfied. 

(Bi... Br M-an K) 

СИРА 


{oC — By -n.e 7 Ви = Pigs 3M (1% s Fog s (o m 


= PLOY и Yi = Bis Y, =, Б, а; 412-90). 
Provided that [и] < 1, i = 1,... and all conditions of (6.1) are satisfied. 


10. 


14. 
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BILINEAR MAPS ON FUZZY NORMED LINEAR SPACES 
М. В. Das & В. К. Misra 


ABSTRACT : In this paper we have introduced several types of continuity of bilinear maps оп a fuzzy 
normed linear space. Furthermore, Relations between pointwise continuity and separate continuity and 
between hypocontinuity and boundedness are also established. The results obtained serve to demonstrate 
that it is possible to establish a theory of these objects along the line pursue here with considerable 
hope for success. 5 


Key words : Fuzzy normed linear space, bilinear map, Fuzzy bounded set, Fuzzy hypocontinuous 
mapping. 


1. PRELIMINARIES 
In this section we recall some basic definitions and results. For details, we refer to [1], [2]. 
Definition 1.1. А fuzzy real number n is a Fuzzy set оп К. That is, 11: В to 7 = [0, 1]. 
Since each r € R can be considered a fuzzy real number 7 defined by 
г (1) = (1 if t=r and 
| 0 ift г. 
IR can be embedded in R (J). 


Definition 1.2. А fuzzy real number т is called nonnegative if n(f) = 0 for all г < 0. The 
set of all nonnegative fuzzy real numbers is denoted by R*(7). 


Proposition 1.3. The arithmetic operations +, — and/on R (J) x R (/) are defined by 
O (n, Ө n,X0 =sup min (1,6), ME — 5), тек 


SER 

(0) (n; Ө 1>)(0 = sup min (nj(s), MC — 5)), teR 
seR 

(ii) (n © n) = sup min (1,6), 1,05), teR 
seR 


5+0 
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Gv) (тут) = sup min (п, (6), 1,6), teR 


seR 
The additive and multiplicative identities in КО) are б and 1 respectively. 
m E lift=1 

0ift #0 0 if t 1. 


Let On be defined as О On. From (1) & (ii) it follows that (NX) = n(-M for all teR 
and nan, = T e (975). 


Definition 1.4. The a - level set of a fuzzy real number т denoted by [1], 0 <a < 1 is, 
defined as |n], = (170) = о). 


Definition 1.5. Let X be a linear space over the field IR. Let П.П: IR to R* (Л) and let the 
mappings L, R: [0, 1] x [0, 1] to (0, 1] be symmetric, nondecreasing in both arguments and 
satisfy L(0, 0) = 0 and КА, 1) = 1. Write [IxII]g = [IIxIII, ШхШ%91, for xeX, 0 < 
о < 1 and suppose for all хеХ, x + 0, there exists 0, € (0, 1] (independent of x) such 
that for all а < Gy. | 


(A) ШхШ® < се 


(B) пеш x Ш%>0 
а 


The quadruple (X, П.П, Г, В) is called a fuzzy normed linear space and П.П a fuzzy 
norm, if 


(i) пхп=О iffx=0 

Gi) ПіхП-іІгІП xI,xeX, reR 

(iii) for al x,y € X 

(a) Wherever, | 
s € III X Ші, t € Шуш! ands+t < Шх+у Ш},Пх + УП (s + t) > L (1х), 
пуп(ђ) 

(b) Whenever, 


\ 


s> MX Ш, t 2 ym} ands+t > Шх+у ПИ, Ix + УП (s ^ t) < R (IlxIl(s), 
пун) 
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Remarks 1.6. In the sequal, we take L(x, y) = min (x, y) and R(x, y) = max (x, y) for x, 
y € [0, 1] and in this case we write (X, П.П) or simply Х. 


Proposition 1.7. In a fuzzy normed linear space (X, П.П, min, max) the triangular inequality 
(11) of definition 1.5 is equivalent to Hx + уп < Пхи + ПУП. 


Definition 1.8. Let (X, П.П) be a fuzzy normed linear space. For fixed &e(0, 1], Е > 0, the 
fuzzy set S,(x, €) defined by S,(x, SV) = ( о iff Шу – хшу < є 
| 0, otherwise 

is said to be an & - open sphere in X, П П) 
Definition 1.9. Let (X, II II,) and (Y, ПП.) be two fuzzy normed linear spaces and Е: X 
to Y be linear mapping from X into Y. We take L(x, y) = min (x, y) and R(x, y) = max (x, 
У). 

Е is defined to be fuzzy continuous at x, е X if Юг е > 0 there exists 6 > 0 such 
that П F(x) — Ер) IL, < € whenever IIx — ЖП, < 8. 


Definition 1.10. If A, and A, are two fuzzy subsets of X and Y respectively then the Cartesian 
product A, x A, of fuzzy subsets A, and A, is a fuzzy subset of X x Y defined by (A, х 
A,)(x, у) = min {А (х), A,(y)} for each pair (x, y) е X x Y. 


Proposition 1.11. If (X, ILIL,) and (Y.ILII,) are two fuzzy normed linear spaces, then X х 
Y is also a fuzzy normed linear space with the norm defined on X x Y by 


П (х, y) Пух „у =U X П, Ф Пу ly, x € X, y e Y. 


2. MAIN RESULTS 


Proposition 2.1. Let (X, ILI), (Y, И.Пу,), (Z, ILIIZ) be three fuzzy normed linear spaces. 
Then the bilinear map F : X x Y to Z is continuous on the product space X x Y if it is continuous 
at the point (0, 0). 


Proof. Let F be continuous at (0, 0). Then by the definition of continuity for € > 0 there 
exists 8 > 0 such that IIF(x, y) — F(0, 0) П, < € whenever П (x, y) - (0, 0) Ig xy < ô. 
That is П F(x, y) П> < € whenever I(x, y) IL, „у < 8, 
So that, П F(x, y) П2 < € whenever II x П, Ф II y IL, < $, 
Next, we show that F is continuous on X x Y. 
Let (хо, yg) € X x Y. We have to show that II F(X) + b, уд + К) — F(X, Yollz < e. 
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Whenever II (хо + h, yg + k) - (Xp уу) Ux xy < б. 

That is, II(h, ЮП, „у < 8, or equivalently, 

Uhl, 6 1k ly < $ ГА) 
Now we have, 

F(X) + В, у, + К) = F(Xpy) + Е(хо К) + F(h, yo) + ЕФ К), 
So, II F(x) + h, yg + K) — F(xyyj) 12 

ПЕ (xy Ю + ЕФ, yọ) + РФ, k) Iz 

П F(x, К) Iz + II ЕД, yọ) Uz + II FQ, k) Nz 


<e/3+E€/3 + €/3 


IA 


Whenever Ixy II, Ө ПКП, < 5, Dh IL, Ө Ну Пу < à; and I h II, © II k IL, 
< 83. (8, > 0, 8, > 0, 8, > 3) and 

if 8 = Min (6), 8, 63} | 

Then from (A), if follows that ПЕ (x, + h, yg + k) - F(x» У) < Е whenever 
II hil, Ф ПКЕ, < 6. Consequently Е: X x Y to Z is continuous everywhere. 
Proposition 2.2. Every continuous bilinear map is separately continuous. 


Proof. Let F : X x Y to Z be a continuous bilinear map where (X IIIg), (Y, ILIL,) and 
(Z, П.П.) are fuzzy normed linear spaces. Therefore Е is continuous at every point of X x 
Y and, in particular, it is continuous at (0, 0). So, for € > 0, there exists § > 0 such that 
IIF(x, y) Пу < Е. 


Whenever II(x, y) Iy xy < 5 
That is, ХП Ө Hylly < 6 ... (*) 


We need to prove that F is separately continuous. That is, for every y е Y the linear 
map Е (. , y): x to F(x, y) from X into Z is continuous and for every x € X the linear map 


F(x, ) : y to F(x, y) from Y into Z is continuous 
Now, Е (ху + h, y) = F(X, y) + F(h, y) 
So, ПЕ(ху + В, y) — Е(ху, УЈП, = IIF(h, у)П, < € whenever IIhIL, < § (5 > 0) 


Thus, for е > 0, there exists $ > 0 such that II F(x} + h, y) – Е(ху, y)IL, < € whenever 
II h II, < 8 and so the linear map from X to Z is continuous. 
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Again we have 
F(x, уу + k) = F(x, yy) + F(x, k) 
So, ПЕ(х, yy + k) — F(x, уг), = ПЕ(х, К) U, < € whenever П КІ, < 8. 


Thus, ПЕ(х, yy + К) – F(x, УП, < € whenever ПКП. < 5 and consequently the linear 
map from У to Z is continuous. Hence the result follows. 


Proposition 2.3. Let (X, ILIL), (У, ILIL,) and (Z, П.П.) be three fuzzy normed linear spaces. 
Thus every separately continuous bilinear map from X x Y to Z is continuous. 


Proof. Let F: X x Y to Z be a bilinear map which is separately continuous. 
Thus for €, > 0, е, > 0 there exists 5, > 0, 5, > 0 such that 
TIF(Xy + В, у) – (хо, УШ, < Е, whenever ху + В, y) – (ҳо, y) Hy xy < õp 
That is, ПЪ II, < 8, .. (1) 
and ПЕ(х, уу + К) — F(x, yg) IL, < ©, whenever I(x, у, + k) – (x, у) Ix xy < 6» 
That is Il k IL, < 8, ..... (2) 


Now, we need to prove that F: X x Y to Z is continuous. To prove this it is sufficient 
to prove that F: X x Y to Z is continuous at (0, 0). 


That is, we must show that for € > 0 there exists 8 > 0 such that II F(x, y) П, < € 
whenever I(x, У)Пх „у < 5, or equivalently II x П x Ө Uy Пу < 5, 


Now, we need to prove that F: X x Y to Z is continuous. To prove this it is sufficient 
to prove that F: X x Y to Z is continuous at (0, 0). 


That is, we must show that for € > 0 there exists § > 0 such that II F (x, y) II, < 
€ whenever (х, y) Пу xy < 6, or equivalently II x II X, € Пу II, < ô, 

Now, we have F(x, у) = F(x + h, у) – ЕФ, y) 

Therefore, ПЕ(х, y)IL, = ПЕ(х + h, y) – ЕФ, у), < Е, whenever II x Пу < 3 

Again, we have F(x, у) = F(x, у + k) – F(x, К) 

Therefore ПЕ(х, y)IL, = IIF(x, у + К) – F(x, ЮП2 < Е, whenever ПуПу < 5, 

If € = max (с), е,) and 6 = min{5,5,} 

then it follows that 

UF(x, y)IL, < € whenever II x Пу < $ and II y IL, < 6, that is, II x П, Ө Hy IL, 
< 6 Thus, since F is continuous at (0, 0), Е is a continuous bilinear map from X x Y to Z. 
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Definition: 2.4. Let (X, П Iy) be a fuzzy normed linear space. А fuzzy subset р of X is 
called fuzzy bounded if р(х) < k S,(0, 1) (x) for all x, k > 0. 


Definition: 2.5. Let (X, II Пу), (Y, II Пу) and (Z, II П,) be three fuzzy normed linear spaces. 
Let С be a collection of fuzzy bounded subsets of X. Now a bilinear map b: X x Y to Z 
is called fuzzy hypocontinuous with respect to G (or С -f-hypocontinuous) if it is separately 
continuous and satisfies the condition that for every neigbourhood W of 0 in Z and A(x) < 
G(x) for all x, there exists a neighbourhood V of 0 in Y such that A(x) > 0; V(y) > 0 imply 


W(b(x, y)) > 0. 


Proposition 2.6. Let (X, II Пу), (Y, II Пу) and (Z, П II,) be three fuzzy normed linear spaces. 
G a collection of fuzzy bounded subsets of X and b: X x Y to Z a fuzzy hypocontinuous 
bilinear map with respect to G. If A(x) < G(x) for all x such that X(x) > 0 and B a fuzzy 
bounded subset of Y, then 

(i) The image of A x B under the map b is fuzzy bounded in Z. 


(ii) The map b is continuous on A x Y 


Proof. (i) Given that А is a fuzzy bounded subset of X and B a fuzzy bounded subset of Y, 
we need to prove that b(A х B) is fuzzy bounded in 2. 


Now, A is fuzzy bounded in X so for œ € (0, 1] and for all x such that X(x) > 0, 
k>0 


A(x) < К Sg(0, DR) = 5,(0, Kx)  ... (1) 

Also В is fuzzy bounded in Y, so for ß е (0, 1] and for all y such that Y(y) > 0, k,>0, 
Bly) < k,Sg(0, Dy) = $80, kO) ..... (2) 

We need to show that for, 8 € (0, 1] and for all z such that Z(z) > 0, К > 0 
ҚА х B)(z) < к, 5:(0; 1)(2) = 5500, kz) ..... (3) 

Now, since b is G-f-hypocontinuous, then by definition A(x) > 0, Sp(0, К, (у) > 0 imply 
$5(0, k)(b(x, у)) >0 ..... a 

Since B(y) < Sp(0, Ку), for all y such that Y(y) > 0. 

Thus (4) can be stated as : A(x) > 0 and B(y) > 0 imply. 55(0, k,) (b(x, у)) > 0, 
Since b(A x B) = {b(x, y) : A(x) > 0, В(у) > 0), 


Therefore, b(A x B)(z) < $5(0, k,)(z) for all z such that Z(z) > 0; апа consequently 
b(A x B) is fuzzy bounded. | 
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(ii) Let (A х Y) (xy, Ур > 0. We need. to show that given € > 0, there exists $ > 0 


such that IIb(x, + В, yo + К) — Ых,, УП; < € whenever Il(x, + В, yp + К) — (xy, Уз) Шоу 


<8 


that is, ПВП, ӨПКП,<5. 
Now, 


bu + h, yg + К) = D(X Yo) + Бер Ю + b(h, yg) + b(h, К) 


Therefore, 


I b(xo + В, yo + К) - Бе, Yoz = ПЫ k) + b(h, yo) + b(h, ЮП, 


‚ < ЛЫ, К) IL, + ПЫ, уо), + ITb(h, Ю IL, .... (1) 


Since b is separately continuous and thus continuous on X x Y it is continuous at (0, 


0) also. 


Therefore, ” 

IIb(xy, ЮП, < €/3 whenever Поб, Ө II k Il, < §). 

IIb(h, yol; < €/3 whenever II h II x Ф II y, Ду < 8, and 

IIb(h, k) П, < 2/3 whenever I h Il, Ф I k Iy < 8,. 

Thus from (1) we have, 

Пбб + В, yy + K) - Ых, yy) Il; < €/3 + &/3 + EB = ©, 

Whenever | 

xI, Ф Wk Ily < 8, ПВ Dy Ө Пу, Uy < 5, IL h IL x Ф II k ly < 83. 
If 8 = min(5,, 8, 54) 

Then it follows that 

II bi, + h, yg + К) — Ққ, Yo) П, < € whenever II h Dy Ө II k II, < ё. 


b is continuous on A х Y and so the proof is complete. 


Conclusion. We have shown that it is possible to define bilinear maps on fuzzy normed linear 
spaces in such a way as to obtain several of the standard basic but nevertheless important results 
needed to establish a mature theory. Although we have not yet produced such a mature theory 
we have shown that with the structure developed sofar it should prove possible to do so in 
the future. ... 
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OPTIMIZATION UNDER CONGESTION 
AND GEAR SATURATION 


S. MANNA, D. К. BHATTACHARYA AND S. BEGUM 


ABSTRACT : The paper considers the exploitation of two ecologically independent species given by 
Logistic growth models, where the total harvest satisfies modified Cobb-Douglass relation. It is verified 
that the interior equilibrium of the exploited model is stable, and that there is no limit cycle. Next the 
concept of bionomic equilibrum is applied to calculate the threshold values of cost per unit effort and 
the maximum value of the effort. With the knowledge of the control set, thus obtained from the above 
value of the maximum effort, the total revenue is optimized under two types of depreciations of which 
one is the standard one. Further, all the results are verified by suitable choice of the parameters. Lastly, 
a few observations are made on some of the results obtained in this paper. 


Key Words : Cobb-Douglass relation, Modified Cobb-Douglass relation, Bionomic equilibrium, 
Threshold values of cost per unit effort. 


1. INTRODUCTION 


Congestion and gear saturation are two common phenomena in fishery problems. 
Whenever there is a huge concentration of biomasses at certain region of the sea, there occurs 
naturally, a competition amongst different fisheries to exploit in that region. This leads to the 
congestion of the vessels used, and ultimately to a huge reduction of biomasses. In order to 
avoid this situation, some restrictions are made on the effort of fishing E. Again, it is a very 
common experience, that there is always an upper bound to the capacity of the net (called 
gear saturation), which depends on the mesh size parameter of the net. Hence some restrictions 
are to be imposed on the biomass x of the total harvest h. The usual catch per unit effort 
hypothesis h = qEx (q being the catchability coefficient) does not work in the above context. 
This necessitates the adoption of Cobb-Douglass relation h = qESXP (0<a<1,0<B< 
1). As а result, the production function h(x, E) shows decreasing marginal returns in both the 
input variables x and E. As © is arbitrary, so under suitable choice of ©, the total harvest 


h(x, E) remains bounded with respect to E and x, even if B = 2. We call h = 4Е%х? (0 < 
а, < 1), the modified Cobb-Douglass relation. 
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Although it is more realistic to consider h = gE@xP in place of h= qEx, still in the 
literature, no attempt is made to consider such general expression of В in calculating the optimal 
value of the revenue. This is due to the fact, that the calculations become too difficult in this 

. case. However, we show, in the present paper, that the whole analysis may be carried out 


smoothly with h = gE“x?,0<a < 1. 


Bhattacharya and Begum [2] considered h = gEx and denoted by L and 7 = 0, the locus 
of dynamic equilibrium and the zero profit line respectively. They defined a fasible bionomic 
equilibrium (x. Yoo) as the point of intersection of L = 0 and 7 = 0, provided the point occured 
in the positive quadrant of the XY-plane, and the effort remained positive at that point. They 
also defined two partially feasible bionomic equilibria (х.. 0) and (0, Y.) as the point of 
intersections of L with positive x-axis and positive y-axis respectively, provided the effort E 
and the revenue 7 remained positive at those points. They showed, for the first time, that the 
concept of bionomic equilirbium could be used to determine the thershold values of the cost 
per unit effort, and the maximum value of the effort. They also pointed out that, unless cost 
per unit effort c was kept under proper threshold values, feasible or even partially feasible 
bionomic equilibrium could not occur. Therefore, it would lead to non-determination of Е, „ax 
or sup (Е ax); as the case might be. As a result, optimization of revenue would lose its meaning. 

Normally L = 0 and Л = 0 are both straight lines. But if none of them is a straight 
line, then consideration of bionomic equilibrium deserves special attention. Our present model 
is an example on this point. First of all, we obtain, as in [1], threshold values of cost per 
unit effort, and the maximum value of the effort. Next, using the standard depreciation e~®, 
we obtain the optimal path, the optimal biomasses and the optimal effort. Lastly, similar results 
are obtained using a depreciation which is different from the standard one. 


2. PROBLEM FORMULATION 
Let the exploited model be taken as 


dy _ „(| _У | gr 
Бај z) ФЕУ «(D 


with restrictions (i) а > b, or (ii) а < b where a = Ил», b = sKq,, Е’= Е“ (0« а 
< 1) (E being the total effort exerted); q,, q, are the catchability coefficients. If Ру Р; are 


the selling prices of unit biomasses of x and у respectively; then the following problems аге 
considerd : 
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(i) To find the maximum threshold value of the cost per unit effort c and the maximum 
value E,,,,/(Sup(E,,,,) of the effort E. 


(ii) To find the optimal values of the revenues given by 


Ј = [Ре (рих? epa -c)E dt, 5> 0, Ю-В  — — ША) 
1 2 2 "np , " 
and J = (рах + рофђуг -c)E' d, 8 > 0, By) = Ep — — IB) 


separately, where c' is the cost for which c’E’ = cE, and further in case II(B), (pq, X? 
+ poy” - с) E(t) = 045. 


3. STABILITY OF THE SYSTEM 

The only non-trivial equilibrium ((x)e, (ује) of the system (Т) is found to be (X), = 
e; — RES 
r + ДЕТ' (Ye = s+ gETL' 

It is easily shown that ((X),, (Y),) is an asymptotically stable node. Further, the non- 
linear system (T) does not possess any limit cycle. In fact, by applying Bendixon-De Luc criteria 

1 

with B(x, y) = х2у2 ‚ it is proven that 2 (Вр) + + (во) does not change sign in the first 
quadrant of the phase plane. 


4. MAIN THEOREMS 


Theorem 4.1. Let the exploited two species system be given by (I). Then for this system по 
partially feasible bionomic equilibrium exists. But feasible bionomic equilibrium (х.. y.) 
always occurs under both the cases a < b and a > b, if the upper thershold value c’ ax of 
c’ is equal to 

Pak +р a (4.1) 

Further, for each such threshold value of с’, 0 < c' < с' ль the maximum value Еа 
cf E’ is determined by the unique positive root of the equation, 

А (Е) + АЕ” -A(EP-A(E)-A;-70 2. (4.2) 


where 


Ay = c'qdq2 КО, A, = 2c’q,gKL (sKq, + rLq,) 
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Аз = руда K? L + роду аз? КОЈА - с'(зКа + Lay)? - 2rsq,q,KL 
A, =  руаал КЛ, + p,q,g;rs?KL? — rs(sKq; + rLq,)] 

А; = pak’ + PL? — с 

Sup (Е' nag) is calculated by considering с” < с' nax 


Lastly, Е, ах is determined (in principal value) from F’ nax and the upper threshold value 
Cmax Of С is determined from the relation cE = сЕ. 


Proof. Dynamic equilibrium of the exploited system (I) is given by, ((х), (N. = 


L : . Бе" 
Er EJ] Naturally, that of the corresponding unexploited system is given by 


(X, y) = (K, L). Now for all points (x, y) € L' = 0, for which E' > 0, it is seen that x # 
0, y # 0. Hence, partially feasible bionomic equlibrium can never occur. 


Next it is seen (figure 1, 2) that the locus of ((X),, (У),) is a hyperbola passing through 
the origin and its equation is given by 


L':(a-b)xy + bLx - aKky = 0 | 4. (4.3) 
Also it is found that the asymptotes of this hyperbola are x = а, y = p, where 
_ (_ак БЕ 
а= (2) м 82 (25). 


Again, (figure 1, 2) the zero profit curve Л’ = 0 is given by the ellipse 





=; 3 
x У 
7 +77 J ай 4.4 
(’/pın) (с'/ рә) en 
Further, the intersection of L’ and Л” = 0 is exactly one point in the positive quadrant 
in both the cases a > b and a < b (fig. 1 and Fig. 2). 


Again comparing (x, y) and ((х),, (y),), it is found that any point (x, y) е L’, satisfies 
x € К and y < Г, УЕ > 0. Obviously (К, L) must be a point outside the ellipse, because 
x’ is negative for all points inside the ellipse. given by (4.4). For the same reason, E’ hax is 
equal to that value of E, which corresponds to the point of intersection of L’ and 7 = 0. 
Thus E'.,, is finally determined as stated in the theorem. Again, for feasible bionomic 
equilibrium, п’ > 0, E' > 0, So, с < p,qjX? + Py? < p,q,K? + p,q;L?. This determines 
the upper threshold value of с’. Moreover, for 0 < с” < Cnap feasible bionomic equilibrium 
(Xe, Yoo) Occurs at A and В in the cases a > b and а < b respectively. 
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Theorem 4.2. Let the exploited system be given by (I). Let the total discounted revenue 
be given by II(A). Then the optimal path is given by 


2 2 
2 22, >] parE -xx , род бр —Уују | _ 
РХ + р242У с A K(8+r) + 18 +5) 0 


Further, the optimal biomass У; is determined by the unique positive root of the equation, 
2p.q,8(5 + га — Бузуб + р,а,1(8 + та — b)*(aS - as - bd + 7bs)y? 

+ 3p,q,L?b(a - b)(8 + граб — b& — as + 3bs)y* 

+ Цр,а 255 + г)3а5 - 755 - Заз + Sbs) 

+ p,q;K?z2 (8 + s)(ad + ar — 58 + br) 

- (5 + r)(8 + за - b)’]y? + Lbip yL b5 + г)(8 — s) 

+ рај К2а (8 + s)(8 — г) - 3е(5 + 18 + за — Бујуг 

– зет ара - b(8 + r(8 + Зу – с14(8 (55999-00... (4.6) 
and the optimal biomass x, is given by the positive root of the equation (а — Б)ху, 


+ bLx ~ aky; = 0. 

Lastly, optimal effort (Е’)* is given by у; = 8 and the optimal effort E* 
is determined (in principal value) from (E^)*. 
Proof. For convenience, we write F(x) = (1 Е 2) ‚ 60) = »(1 - > Then the Hamiltonian 
corresponding to (I) and П(А) is given by, 

H = горја ха + рау - JE’) + А0) FE) – ФЕ] + А000 [GG) – ФЕУ2] 


=E'(t)Le~®(p qx + P242? -е)- Аах? = 12972] + МЕСО + AXO0G(y) ... (4.7) 


where (©, A,(t) are the adjoint variables to be determined suitably. Now the adjoint 
equation for (©) is given by 


-e&* axpgE'(0) - Al) Ir ZE – a E"2x] 


| r(1- 3) 41-2) 
So, in the steady state, when ———*+ = Е' = ——— , we have 
91° 42У 
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dA 7 
= -e S 2xp q EÀ 5-0 


Ф. -ôt р, 
ог, x = M(t) = Pepe ЋЕ) шй. (4.9) 
-Hr 
From (4.9) it follows that A,(t) = Aet + Ange РЧ) 
= 


Under the choice A = 0, it is proved that 


e*A (0) > эра) ast>% и (4.10) 


Similarly, it is proved that, 


à у. 22P292E'(t) E 
e" Hl) > S45 as t > 


Taking H to be maximum for some E’ е V’, (control set), we have oH =0. 


So, (рух? + руу — с) - «(мах + Ау?) = 0 
Hence the optimal path is given by, 








2.3 2,3 
"ERN |2 2 , 
рах? + р;фу? - с - [apab ge =0 0 nn (4.12) 
"|1-= s(1-2 
4х ФУ 
Еда _ _r(K = x) 
6-r  Kqx(8or) aa (4.13) 
d E max = s(L — y) 
аа (4.14) 


From (4.12), (4.13) and (4.14), it follows that the optimal path is finally given by (4.5). 
Next, the optimal biomasses x, and у; are determined by the interaction of (4.5) and (4.3). 
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Now from (4.3), х = асыны , putting х= GG in (4.5), we see that ultimately y; 
is determined by (4.6). Lastly, *,, (E’)* and E* are determined accordingly. 


Theorem 4.3. Let the exploited system by given by (1). Let the total discounted revenue be 
given by ИВ). Then the optimal path is given by 


2p,q,Lx? + 2p,q,Ky? – Крах + py? - с) =0 у... (4.16) 
Further the optimal biomass У; is determined by the unique positive root of the equation 
2р,фК(а — b)?y® + p,gjKL (Tb — a)(a – Бу? + 3p,q,bKL7(a — b)(3b — ауу! 
+ [2р,а,КЫ?І? — 3p,q;KL?(a — b)b? — c'KL(a — b)? – р Каа – b) 
+ 2p,q;La?K?]y? — [P Kb L’ + 3c'bKL?(a - by 
+ p,q2bKOL?]y? – 3c'b(a – b)KL?y – PKL = 2, (4.17) 
and x, is given by the positive root of the equation 

(а – b)xyg + bLx — аКу, = 0 


The optimal effort (E’)* is given by У; = (tes) and E* is determined (in principal 
value) from (E’)*. 
Proof. The Hamiltonian for (T) and II(B) is given by 


2 + 2_¢ E(t 
H- и oe + MO [FG) – ER + MOY) ~ ФЕ/У2] 


2 2, 
= poete - мах? - Мау! + A40 FO) + 2000) ..... (4.18) 


where (t) and A,(t) are the adjoint variables to be determined suitably. Now the adjoint 
equations for A,(t) and A,(t) are given by 


dài _ xp E") 
d м0) = - КУ 
dA, _ ЗурФЕ 1) 
апа DL ME TC E ..... (4.19) 


It is finally proved that 
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19*24, > Spin as t — со 


and 


8+2), WER 2220 iu 


Taking H to be maximum for some E’ е V’, (control set), we have ae =0. 
So, (рух? + ра” -c)- tH ар 2 % Хау) =0 


Hence the optimal path is given by, 


max У опен 


:3. 2 3 2 
m 12x pui. , 2y P4 2 
рур? + pay? – с | a E 0 


rina) 40-4) 
AS Баш = ne Фу | 





‚ So it follows Кот (4.21) that the equation of optimal path is 
ру4 123. + 2p,q,Ky? - KL(pyqyX) + розу? — с) = 0. 
Optimal biomasses x, and У; are determined by the intersection of (4.16) and (4.3). 


Ку 


а 
From (4.3), we get х = (а = by * bL , putting this value of x in (4.16) and simplifying, we 


finally get У; given by (4.17). хз, (Е')* and E* are determined accordingly. 


5. SPECIAL CHOICE OF PARAMETERS. 
=1,г=3,а=2,р‚ =3,‚К =] 
Dp-25s714Q71,p74.L72 


Неге rLq, > sKq, ће, а > Ь. с < 22. let с’ = 10, Е' nax is determined by 40E'^ + 160Е3 
+ 150Е2 + 34E' — 19 = 0. It is approximately equal to 0.559. 


Case ІҚА). 
Let 8 — 2. 
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Then from (4.5) it follows that the optimal path is given by, 
40y$ + 160y? + 240y* + 508y? - 941y? - 900у — 300 = 0. 


Also (х, Уз) is approximately equal to (0.85, 1.3), (Е’)* is approximately equal to = 
0.269. Hence (E’)* < E’ nax 


So (E)* € V', ДЕ)» E maz] and hence E* € V, = [Ery B sb 
This verifies our results for the case a > b. 


Again, parameters may be so choosen that a « b holds and in this case also, the results 
may be similarly verified. 


Case I(B). 


From (4.16), it follows that the optimal path is given by 8у6 + 16y? + 18y? — 95y? 
- 60у - 20 = 0. Also (Xa Уз) is approximately equal to (0.9, 1.5). (E’)* is approximately 
equal to 0.167. Hence (Е’)* < E’ nex As tọ may be any suitable positive real, so E’(t,) may 
be chosen accordingly and (E^)* € У, = [Е, Е may] and hence Е* € V, = [Ер Ех This 
verifies our results for the case а > b. 


Again parameters may be so chosen that a < b holds and in this case also, the results 
may be similarly verified. 


6. DISCUSSIONS 


(i) It follows from (4.1), that the upper threshold value of с” and hence that of c depends 
on the given parameters only. Further, at all points on L’, where c’ is not kept under this upper 
limit, effort becomes negative; so in this case, exploitation becomes impossible. From (4.2), 
it follows that E uu is different for different choices of c’, and as such, it also depends on 
the given parameters only. Further, unless Ena SUPE max) is determined, the control set V, 
remains unknown and so optimization loses its meaning. 


(11) Apart from economic justifications, the depreciation e^! is introduced, in calculating 


the discoundted revenue J, in order to assure the convergence of the integral of J. Naturally, 
the case 8 = 0 remains indecisive, as the corresponding integral may be divergent. Again, the 
auxiliary functions 4,(t), i = 1, 2, of the Hamiltonian for J are found to satisfy the transversality 
condition e^ À (t) > finite quality as t — оо. This condition does not appear to be justified 
mathematically [1]. 


cii 
However, if 152 is taken as the depreciation when the integral of J is 0015), 5 > 
0, then from (4.10) and (4.11), it folows that А.(#) satisfy weaker transversality conditions. 
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Further, it is always justified to take even 8 = 0. From these considerations, it is preferable 
1 
to take 72 in place of e. 


Lastly from (4.5) it follows that the optimal path depends on the choice of $, whereas 
from (4.16) it is seen that the optimal path is independent of §. So the optimal effort E* depends 
on 6 in case ША), but it is independent of $ in case II(B). Naturally, in the latter case, there 
should not be any difficulty in verifying that E* € V, (which is independent of 8). In fact, 
it is verified in p. 11 for the case II(B). On the other hand, in the former case, the question 
of verifying whether E* € V, or not, does not arise when 6 is arbitrary. Moreover, if for some 
5, E* € V, then also there may be some 8 (which may be found by chance) for which E* 
€ У, In fact, it is shown that E* € V, when 6 = 2, but E* € V, when 6 = 1. This is the 


major difficulty with eU! where б is not specific. Again such specific ö can not be assertained 


at the very outset. This is why, it is better to take the discount 1/1912 
in nature and which varies from model to model. 


which is self adjusting 
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